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ABSTRACT

We consider the Cauchy problem associated with the equations:

ut vx

=V +V

() Ve(uB)+.v2 ] + [p(ue)v] - [v] = e x e R, t e R+

eu, 2 t x x xx'

with the initial condition

(2) u(0,x) = u0 (x), v(O,x) = vx), 6 (O,x) = 0x)

The equations (1) describe the one-dimensional motion of a particular type of

nonlinear thermoviscoelastic material. We establish the existence of global

solutions when the initial e'ta belong to L I n BV and are sufficiently small

in terms of L1 n BV. Our method consists of linearization, Fourier

transformations and contraction mapping principle via variation of constants

formula.

AMS (MOS) Subject Classifications: 35B99, 35K55, 35M05, 73B99

Key Words: Equations of one-dimensional nonlinear thermoviscoelasticity,

Linear equations, Functions of bounded variation (BV), Fourier
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SIGNIFICANCE AND EXPLANATION

This paper discusses the Cauchy problem associated with a particular

system of equations of one-dimensional nonlinear thermoviscoelasticity with

the initial data given in the class of functions of bounded variation (denoted

by BV). It has been known that the class of BV is a suitable function

space for the study of evolution equations which arise in continuum mechanics

in order to admit solutions possessing shocks. This fact has been exploited

in the analysis of hyperbolic conservation laws which describe the motion of a

continuum when mechanical and thermal dissipations are neglected. On the

other hand, only the smooth (classical) solutions have been studied for the

equations which include such dissipative terms. Our goal is to study the

global existence of weaker solutions of systems which include such dissipative

terms. Our main result shows that when the initial data are sufficiently

small in the LI and BV norms, the system (1) of the abstract has global

solutions in time possessing specific regularity properties.
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GLOBAL EXISTENCE OF SOLUTIONS OF THE EQUATIONS

OF ONE-DIMENSIONAL THERMOVISCOELASTICITY

WITH INITIAL DATA IN BV AND L

Jong Ohn Kim

0. Introduction

The purpose of this paper is to establish existence of global solutions

in BV for the Cauchy problem associated with the equations of one-

dimensional nonlinear thermoviscoelasticity:

ut = x

(0.1) vt = -p(u,e) + v

[1uO v2]t+(~uOv - [vx] = 9
2 t x x xx

-< x < 4, 0 4 t <

with initial conditions

(0.2) u(0,x) = u0 (x), v(0,x) = v 0 (x), 8(0,x) = 90 (x)

where u, v, o, p and e denote deformation gradient, velocity, temperature,

stress and internal energy, respectively, and the conventional notations for

partial derivatives are employed. Equations (0.1) are the conservation laws

in Lagrangian form of mass, linear momentum and energy. From physical

considerations, we should require the following conditions:

r u > 0, e > 0
(0.3) ~.-_ aP (u,e) < 0, ee(u,e) > 0, eu(u,e) = e2[1 (u

e)

For a detailed account of physical meaning of (0.1), (0.3), the reader is

referred to [3], [4].

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041. This

material is based upon work supported by the National Science Foundation under

Grant No. MCS-7927062, Mod. 1.



Now let us discuss briefly the significance of our problem. Equations

(0.1) have both mechanical and thermal dissipations which preserve the

smoothness of initial data. This fact was shown in [3], [4], which treated

equations more general than (0.1). Slemrod [7] proved that the thermal

dissipation alone is enough to establish the existence of global smooth

solutions for initial-boundary value problem with small, smooth initial data.

Without dissipation terms, (0.1) reduces to the hyperbolic conservation laws:

Ut M Vx

(0.4) vt -

2 t[e(u,O) + v ~ [p(u,O)vl x - 0

which are certainly incapable of smoothing out rough initial data.

Nevertheless, the Cauchy problem for (0.4) has global solutions of class BV

when the initial data have small variation [5]. We are naturally led to

believe that the same is true of any new system of equations obtained from

(0.4) by adding dissipation terms [2]. This conjecture has not been

verified. In this note, we shall give an affirmative answer with some

reasonable assumptions. The main result is Theorem 2.1.

Next we shall give a sketch of our method. For convenience, we introduce

new variables u(t,x) - u, O(t,x) - 1, which we shall still call by u(t,x)

and 8(t,x), where u and & are positive constants and (u,0,3) is

regarded as the given equilibrium state. At the same time, we define

(0.5) p(u,O) - p(;+u, U+e, e(u,e) = e(;+u, +6)

Then (0.1), (0.2) are equivalent to

-2-



u t-vUt m x

vt -p(u,O) + v
(0.6) x xx

[e(ue) + 1 2] + [p(u,O)v] - 1 w
2 t x x x xx

with initial conditions

xdef -defu(Ox) )  U u x - u, v(Ox) V 0 X = v 0xl, 8(0,x)
(0.7)

0 X) d 0 0 oX )

while (0.3) is equivalent to

(0.8) u > u, 0 > - ,

(0.9) puO) < 0, eelu,O1 > 0, eu (u,e) = 0+e)p(ue) - p(u,e)

In addition to these physical assumptions, we assume

p(u,8 ), e(u,8 ) are analytic functions of (u,e) in

(0.10)a neighborhood of (0,0) with p(O,O) = 0 and pe(0,0) # 0

Assuming everything is smooth enough, (0.6) combined with (0.9) is equivalent

to
Sut - V x

(0.11) vt  -p(u,B) + v

pe(u,8) 1 2 1

S  eeu, ) (U+e)v + v + u 0t e(e x elu,(e) x e(u, e) xx

The linearized equations associated with (0.11) are

Iti
(0.12) vt aux + bex + vxx

t dvx xx

-3-



where a, b, c, d are constants. Now we are in a position to summarize our

strategy. First, by the method of Fourier transform, we analyze solutions to

1 3
(0.12), (0.7), assuming (u0,v0,00 ) e (Li n Bv) . Then we collect all

information on the regularity and the asymptotic behavior of solutions to this

linear problem. Based on this information, we construct a suitable function

space and also a contraction mapping via variation of constants formula so

that the fixed point may be the solution to (0.11), (0.7). Finally, we verify

that this solution is also a solution to (0.6), (0.7), (0.8) in the same

function space. In fact, this approach was used in [6].

As a final remark, it is reported that our method does not work out in

case (u0,v0,
0
0 ) e (BV)3  rather than (u0,v0O 0 ) e (L1 n BV)3.

Notation

We use the following notations throughout this paper.

(1) For f : R+ x R + R, we write
f 3f(trx)

atf(t,x) - ft(t,x) L (t,x), If(t,x) f (t,x) - ft tx x ax

a 2 ftx
a f(t,x) = f (t,x) f(tx)
XXc xx ax2ax2

(2) For f e LI(R), we write Ifl f If(x)Idx. we adopt the

conventional notation for other LP-norms.

(3) C0 (R) is the space of continuous functions tending to zero at infinity

and its dual is denoted by

M: the Banach space of all finite measures.

(4) For f e M 10 - total variation of f as a measure. Since LI is

isometrically embedded into M, there is no ambiguity in notation.

(5) PC(x) stands for the Friedrichs mollifier.

-4-



(6) Convolution is taken with respect to x variable alone unless specified

otherwise, and we write

f(x)*g(x) = f(x-y)g(y)dy

ft tT,x)*g(T,xd ft f' ft-T,x-y)g(r,yidydT

(7) F means the Fourier transform with respect to x and means thex

inverse Fourier transform with respect to &. We write f(&) = F f(x)x
-JA

and f(x) - F f(&).

(8) D*(Q) stands for the space of all distributions in 9, where Q is an

open subset of Rn . When X is a Banach space, V*((O,m);X) denotes

the space of X-valued distributions in (0,-).

(9) A1 ' is the space of all function f in L (R) for which the norm

1fil + SUP f(x+h)-f(x)l

h O 1hl8

is finite, where 0 < 8 < 1 (see [83).

J'M If(x+h)-f(x) I(10) For f e A,'m  we write 111fI118 = sup B
h+O Ihl

(11) The same letter M will be used for different constants which are

independent of t. Its independence of other constants will be

indicated whenever necessary.

(12) W 1'1  is the space of all function f in Li(R) such that

df 1Ie L (R).
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1. Linearized Equations

As stated in the introduction, we shall use the method of Fourier

transform to estimate the fundamental solution of the linear equations:

(11 t -: dv x+ ceX XX

where a = pu(0 ,0 ) > 0, b - -p6(O,O) 0, c - I > 0 and

p 8 (0,0))

d - 1-0,0 Applying the Fourier transform with respect to x, (1.1)
e 0(0,0)

yields

(1.2) at, A ~Y(t,t)

AA

A 2.

themre x GI'x iy a contx, -12,.our encircling allthjsectruiv nt e omle

planectisn is usfu bena us e know~x) thne epit formua forot the

(1.4)3A)- tA+(c+)~ (~4AI-' ' At bd A+c

Then, (XA-(M)) is the matrix:

-6-



Cill, C12 ' Cl13

C 2 1  C 22, C 23

C 3 1 ,# C3 2 ' C 3

where C 1(2 + (C+l)g2 X + bdt 2 + C 4 )p(E)-l I

C 12  UE(i + ic 3 )p(C,) -1

C 1 -bE2 P X- 1

C 23= -b4 p(,A)-

C~ ~ -1--d 2P W

C 32 iaA + iacWlp,)

C 3 {2 + 2 -1 E2)Ptx-

It~~C 2 is inerstn to(seta

21 12d 13(d 1 3 3

G 11(,X)l ~2;p(~x) -13 tx

(1.3) implies tx) G(tx
t 21 222

(1.5 31,~ = tx) G 32t ) G for it,jx ,,

(tx = a~x) GP~ x 0 G G1(~ ;1 (t~) 3 (t,x

~,3 1(tb3x) G 2 txG 22(t,xjG2 tx

0, 0, c3 x . 31 (t,x), G 32 (t,x), G 33 (t,x)

-7-



holds in *((O,n) x R).

Before estimating L1-norm or total variation of each Gij and its

derivatives, we shall explain the general strategy of estimtion. First, we

analyze the roots of the polynomial equation p( ,A) = 0, which are the poles

of Cij. Second, noting that the value of integral in (1.5) is simply the su-

of residues of C. .e at each pole, we obtain the residues in the form of1)

infinite series in 4. Finally, we use the following fact to obtain an

estimate of L'-norm of a function.

Lemma 1.1. Suppose f(x) e C0 (R). Then for 0 4 8
1 1

(1.8) Iia f(x)I 4 / 2 2  + (t), + / 2 2 1 d_
1+28 2  1-2T df f()

L 2 oT T- L2

and

2 2 d(1.9) 1 Ixi f(x)I - TI Ef( 1-28 T + 1-
1+8 20TdT (" 2L2

hold for all T > 0.

Proof. The result follows from the inequality

J.. .I xil f(x)ldx • I lxITIXI 8 lf(x)lx + fxllXl-1+ ixf(x)ldx

and H8lder's inequality.

According to the theory of algebraic functions [1), the roots of

algebraic equations are expressed by the Puiseux series in the parameter in a

neighborhood of the multiple root. But for the equation p(t,A) = 0, it is

easy to see that the Puiseux series reduce to the Laurent series in & for

Itl large and to the Taylor series in t for I&I small.

Lemma 1.2. There exist positive numbers P < f such that the roots of

= 0 are given by

-8-



= i'a+-bd a+bd(c+l) E2 + 0(03)
1 2(a+bd)

xd a+bd(c+1) 2 + 0( 3
2 2(a+bd)

ac 2 40( 4
3 (a+bd)

if I PI'P and

2 bd 1l = -cc +- + O-

2 =_2 ac-a-bd 1)
2c-i

2 2-

abd-ac 1 1
3 c 2 4

if 1EJ > n, where the standard symbol 0(*) denotes the remainder of the

Taylor or Laurent series.

We omit the proof which can be given by direct computation.

Remark 1.3. In stating above lemma, it was implicitly assumed that c # 1.

The analysis for the case c = 1 may be a little different from the technical

viewpoint. But the estimates for G ij(t,x) are the same and we assume c 1

throughout this paper.

A
Lemma 1.4. G. .(t,E)'s, i,j = 1,2,3, are analytic functions of E for eachiJ

t ) 0 and they can be expressed in the following forms: If I I ( P K P,

2 t{ a 2 +OE4
A bd+0(E2) a+bd 2 + 01 41}(1.10) G11(t, ) = ab+()e
G11 (t)=a+bd+0(O

ta+ a+bd(c+1) 2 + 0( 3)}

+ a+0(E) 2(a+bd)
2(a+bd)+0( ) e

- a+bd(c+1) 2

a+O(E) 2(a+bd) + O(3)1

2(a+bd)+O( )

-9-



-) d a+bd
(1.11) G 12 (tI) a-d+OC

a+bd +O( ) e(~d

+ ______ 
2(aa~dbd) - e(

t~iv'a+bd c + aOb(()
+ /id + 0(t) 2(a+bd) ~+O~)
+ (a+bd) + O(E)e

-ac &2 (4

(1.12) G 13 (tl) (a+bd)+O(C) e (~d

t{-,(a+bd a+bd(c+l) 2 + (3)

+ b ti' -2(a+bd) O(9

2(a+bd)+O( )

t {VW+bd - a+bd(c+1 ) t 2 + c3
b e2(a+bd)

+ (a+bd)+O(~

2 2 4 t- ac 42 +OE4 )
A tC -abc d + O(E~ (a~b) ~+O~)

(1.13 G 22(a+bd) 3+ 0(&)

t{-ia-bd - a+bd(c+l) 2 + (3)

+ (a+bd) + 0(g) t-~ab 2(a+bd) ~+O~)
2(a+bd) + O(U)

- a+bd(c+l) 2 3

+ (a+bd) +O(t) tftia+bd - 2(a+bd) &+ 0(& )

+2(a+bd) + 0(g)e

3 -( ac 2 + O(C )1
(114 23 t,g2+O~ ) -iabc& + 0(4 ) (a+bd)
(1.14) G 23(a+bd) 2+0t

____________ (a+bdcl) 2 + O( 3)9

+-2(a+bd)+O)ba + + ( ) t(i2(~-a+bd+) 2 3

___________ +(~d 0(&)( 
)

(1.15)bd~~l 2 a3 (2 c~

airbdb E +O((

+{i'ab F~~b + 0()eta+bdc+) 2 3

2abd) + 0(&)(~b) + (

+2(a+bd) + O(E)e

-10-



-a,'bd(c+1) c2 +0 3
+ bd + 0(&) 2(a+bd) +0 )
2Ca+bd) + 0(&)e

and if [~ l> n,

(1.10)' G (t.&~) 4{(1) +(c~ - 0()

2+ 0(l) t- m

4~ {I + 0( 2 )
2

14. + ~{+ abd-ac 1
1+(bd-a(c4.)}- +0(L) {a-+o()
c c 2 e4 c &2 &4

+1 + - (bd-a-2acl- +. 0()e
c & 2 4

Ai k + 0(- 2 ) ()

(1.11)* G 12(t,) 3 (c(- + 2

iC-i) + 2( + 0(1)
+ te&+ m

Mh1-c) + 0

ic + 0 (.L) t({-a +. 0 (-L~)

+ ~ + (2),e

(1.2)* 13 (t) = ( - 2 b 1~ ~ + 0(1)1

b t{-E2 +. 0(1)
+ 2 1 e

t {-a + 0(L

+ -b&e
C&2 (1+ 1( )

~2



-cbd 0 (1

A c-1 2 t{-C4 2 + 0(1)0
(1.13)* G (tk) - 2{e

22 2 {c(c-1) + + 0( I)}

1 + 0(-)
t{- + 0(1)}

+ e

ac + CI {1 )+ 0(

1 + 0 ( 1

42

-tc + ( 1 2  02

(1.14)* G 23 (t,&) & -{-c1 e 0(4 )} +e()

-ib + 02 2

+ E t{-E; + 0(10}

M{(-c) + 0( 2} e

-iba + 0(1-) t{-a + 0(-!))
+ e

2 + 1)

I +c 0( 2)1 2
212+0(1))

A t tf-c 2 + 0(1
(1.15)* G 33(t,) = e

1 + 0( 1

c-1 t2-F 2  + 0())

+ e(-C

a-d + 0() t{- + 0(L)}

4 {c +0(1)1 )
+e

4{1c) + oO)ii

where Pis taken so small and n so large that

-b +0- {a I -C)

+ + a+ L<< I

-12-
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and the size of each 0(*) is only a small fraction of its preceding term.

A~t
Proof. Using Lemma 1.2, we can directly compute the residues of Ci e to

obtain the result.

Now we fix P and n such that the statement in Lemma 1.4 holds true.

Then we have

Lemma 1.5. The roots of P(t,A) = 0 belong to a compact subset of

(X e C : Re(A) < 0) for all t e R with P ( lI ' n.

Proof. Suppose this were not true. From the expressions for A.'s andI

A 's in Lemma 1.2, it follows that there should exist t0 e [P,n] such that
1 0

P(&0,iu) = 0 for P e R. But this is impossible, since

P(toxip) =i{(ct + at + bd2 I - U3)+ act 4 _ (c+1)II2
0'0 0 0' 0 0

cannot be zero for t0 e [P,fl], a > 0, c > 0 and bd > 0.
A

From this lemma, it is easily seen that G (t,t) and its derivatives1J

are uniformly bounded analytic functions of (tr) in (0,i) x (p,n).

Furthermore, they decay to zero exponentially fast as time tends to infinity.

Now we begin to analyze each Gij(tx) in the L 1-setting. Let us

define

(1.16) H1 (t,) = 11(t,t) - eat, H 1(t,x) = t H l(t,&)
L1

Lemma 1.6. H (t,x) e C([0,I)L ), H1(0,x) = 0, axHl(t,x) e C([0,-), L),

3xH1(0,x) = 0, xxHl(t,x) e C((0,0); M) and the following estimates hold:

(1.17) IH (t,x)I 4 M, for all t ) 0 ,

1

2
(1.18) la H (tx)I 4 M(1+t) , for all t ) 0

6 -1
(1.19) a xxH (t,x)I 4 M(t + t6) 1 , for all t > 0

where M is a constant independent of t.

Proof. First we shall obtain estimates for the case t > 1. Define

-13-



ac 2 t(-i/a+b - a+bd(c+1) 2bd - d a 2 (a4bd) t
(1.20) H (t ,c) * 1t,C) - bd e 2(a b e

21 a+bd 2(a+bd)

ti a+bd a+bd(c+1) 2}

a 2(a+bd)
2(a+bd)

Then, using Lemmas 1.4, 1.5, we obtain

(1.21) IH 2(tA)I 4 Mt-1  I- H2 (t,)L 2 < t, for all t > 1
2 L

5 1

(1.22) iH2 (t,)' 2 t L( 2 (t,))IL2 Mt 4 for all t 1 1
L L

5

By (1.9) with T - t 6 , B = 0 and (1.8) with T = t, B = 0,

1

(1.23) *H2(t,x)l < Mt 6

3
(1.24) 1 H 2(t,x)I < Mt 4

hold for all t ) 1. By the dominated convergence theorem,

HI(tlt,) -' 2(t2,U) + 0 , IL Hltil' -t H 2(t2 ' 1 2

21 2 2' at 21 B 22 2 0L

KH(it H tU L( H- (ti t,&)) - (CH2(2,0)

2 2l2 2 at 21 2t2'2LL

as tI 
+ t2, for tl,t2 > 1. Therefore H2 (t,x) e C(U1,-), L ) and

x H 2(t,x) e C([1,0); L I). Next we define

x2^

A2^ -at ad 2 c -a
(1.25) H3(t) = H(t,g) - ae - te3 2 c

Then it is easily seen that 3

(1.26) -2t MtB2 IL A t'AN 2 M

13(t) Mt 3 L 3 t,,) 2,foal t
L

5

Hence, by (1.9) with T - t, B = 0, we obtain

-14-



7
m6

(1.27) H3 (t,x)I ( Mt , for all t ) I

By the same argument as above, H 3(t,x) e c([1,-); L ). In the mean time, it

is known that

2. 
(x+Ot)

2

1 1r 4rt
(128 e -e for r> 0

(x+ot)
2

4rt 1--x e e C((o,")L ), for all integer m ) 0

and

(x+Ot) 2

(1.30) - e IIrt ax M-e t  for all integer m ) 0, t > 0

where M depends only on m and r. Thus H1 (t,x) e c(1,-); L ),

X H (t,x) e C(1,"), L1), Hxx H(t,x) e c1[1,-); M) and (1.17), '1.18), (1.19)

hold for all t : 1 by taking large M if necessary. Next we analyze

H1(t,x) for 0 4 t 4 1. From the estimates

(1.31) S H(t,t)U 4 t, IL H(t,&)I 4 K, for 0 • t 4 11

(1.32) II(t, )5L2 H , I I (t,))L2 4 M, for 0 4 t 4 1

we obtain

(1.33) l (t,x)l 4 M, for all 0 • t I I

and

(1.34) 3 xH l(t,x)l 4 M, for all 0 • t 4 1

by (1.8), (1.9) with T - 1, B a 0. It is easy to see that

H1 (t,x) e C((0,1]i LI) and 3 xH (t,x) e c([0,11; L I) by the dominated
ceA

convergence theorem. Since G(t,E) is the principal matrix solution of
A ,A

(1.2), G11(0,C) = I for each C. Hence, H1 (0,9) - 0 for each E, from

which it follows that H1(0,x) - 0, aXH1 (0,x) = 0 in Li. Finally, we define

A 2^ abd-a 2c -at -at
(1.35) H 4(t,&) = H1(t) te - ae

Then we find that

-15-I



1

A 2 3A
(1.36) 1H, H ^ 4 M, for 0 < t ( 1

4, a S L2

from which it follows that 1
6

(1.37) IH 4(t,x)I 4 Mt , for all 0 < t 4 1

4
1

by1.)wt 3 1I

by (1.9) with T t , 8 0. H4 (t,x) e C((0,1]; ) follows from the same

argument as before. Therefore, xxH (t,x) e c(1,]; M) and (1.19) holds

for all 0 < t 4 1 (with larger M if necessary).

Let us define

(1.38) H5 (t,x) 
= e-at6(x) + 3 G (t,x) ,

x 12

where 6 (x) is the Dirac delta measure. Then, we have

11Lemma 1.7. G1(t,x) e C([o,0); L ), G1(0,x) = 0, H5(t,x) e C110,) LI),
G12 tx 12 x)

3xH5 (tx) e C((0,0); L
1) and

(1.39) IG12 (t,x)l 4 M, for all t > 0

1 1

(1.40) IH5 (t,x)l < M(t2 + t6 f1-  for all t > 0

1
2 -1(1.41) lx H 5(t,x)I 4 M(t + t) , for all t > 0

Proof. First, we define

t{iia+bd a+bd(c+l) 2}
tAi I 2(a+bd)

(1.42) H 6(t't) = G 12(tU) - a- e
6 12 2pa+bd

t{-iia+bd - a+bd(c+1) 21

+ 1 e 2(a+bd)

2Va+bd
and

A A -at
(1.43) H7(tt) = iH 6(t,E) + e

Then, we can easily derive the following estimates:

31

(1.44) H 6'•E)I Mt 4 H (t,&)l 2 Mt4 , for all t I 1
6 L 2 L L 2
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2 4
(1.45) IH (tUI (Mt 2 L H (t,)l r. Mt 4 for all t 0 1

745 ,2 7 L2

7 3

(1.46) I&H7 (t, )L2 t IL(CH7 (t,))I2  ,Mt for all t

With these estimates, we can prove (1.39), (1.40) and (1.41), for t ) 1,

analogously to the proof of Lemma 1.6. Next the following estimates

' G M, I G (t,. 2 1 M, for all 0 4 t ( 1
L L

1(1.48) IH 5st, lU 4 2, at H 5l(t'E 2U M, for all 0 < t 1

L

3 1

(1.49) ItH 5(t,tll 2 C Mt 4 (H 5(t,)I l2 M 14 for all 0 < t ( 1

will yield (1.39), for 0 ( t • 1, and (1.40), (1.41), for 0 < t 4 1 (with

larger M if necessary). The continuity in t can be proved by the

dominated convergence theorem and G12 (0,x) = 0 in L I follows from the

property of 8(t,E) as before.

We define

(1.50) H (t,x) = a G (t,x) -t e-at 6(x)
8xxl13 c

Then we have

Lemma 1.8. G 13 (t,x) e C([0,m); L 1), G 13 (0,x) = 0, axG1 3 (t,x) e C([0,m); L1),
1 L1

a XG 13(0,x) = 0, H8 (t,x) e c((o,-); L I), X H 8(t,x) e C((O,-); L) and

(1.51) IG13 (t,x)l 4 M, for all t ) 0

1
2(1.52) axG13 (t,x)l 4 M(1+t) , for all t ) 0

x 13

1 -
(1.53) IH8 (t,x)I 4 M(t + t) for all t > 0

1 3

(1.54) x H 8(t,x)l 4 M(t2 + t 2 )- 1  for all t > 0
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Proof. We start by defining

aAbd 1 b 2(a+bd)
(1.55) H9(t,) G 13-(t') 2(a+bd) e

t{-i ra-+,-b a+bd(c+l 2)
b 2(a+bd)

2(a+bd) 
e

and

(1.56) HIolt, ) = -i (t,t) e
10 9 c

We obtain the following estimates:

1 1
(1.57) l (tg)l 2 A .l Hgt,)I)L2 (Nt 4 , for all t ) 1

wt4 (Hgt,)) •Mt 4for all

1 .-58 10 g(tA)|L 4 "t IL d'~~ M o l

3 3
(1.59) IH0(tt)l E Mt !- 4(^) Mt f or all t > I

(t, Ia H1 o(t,)L 2

7 5
A 4, Ij A 4 Z

(1.60) i 10 (tUI) L 2 t 4 H 10 (t,A))I 2 4 Ht , for all t)1L2  ' ]u L2 '

Combining these inequalities with (1.8), (1.9), we obtain (1.51) to (1.54),

for t > 1. To consider the case t • 1, we list:

(1.61) I&13 (tA)I 4 M, It 13 (tF)L 2 4 M, for all 0 • t 4 1^L

(1.62)ItG 13  3(t )IAL2
2 H, I ^ • H 8(t,&)) 2 M, for all 0 < t ( 1

1
(16)I~(t,()l ( Mt 2 I IA

(163, H8 t,) 2 , for all 0 < t ( 1

-3

(1.64) H(tM) 2 Mt I I ( •(t,&))I 2 4 Mt 4 for all 0 < t 1 1

-18-



From these inequalities, we derive (1.51), (1.52), for 0 4 t 4 1, and

(1.53), (1.54), for 0 < t 1 1. The remaining assertions can be verified by

the same method as in the proof of previous lemmas.

We define

-atA
(1.65) H1 (tx) - S G2 2 (tx) - ae- 6(x)

and state

Lemma 1.9. G22 (t,x) e C((0,), L I, x G22 (tx) e c((0,0) LI)

H 1(tx) e c((O,-); L 1) and

(1.66) IG22 (tx)l 4 M, for all t > 0 •

1
m2

(1.67) 1l x G2 2 (tx)l 4 , for all t > 0

(1.68) IH11 (tx)l < Mt
- , for all t > 0

Moreover, for each f e LI(R), G22 (tx)*f(x) + f(x) in L as t * 0.

Proof. To consider the case t ) 1, we define

t d- a+bd(c+1)

A ItWa+bd 2(a+bd)
(1-69) H12'' 22 (t,e) e

t(-iv'a+bd c a+bd(c+1) 2
1 2(a+bd)
me

and

A 2A -at
(1.70) H13(tO) - - H 12(t,g) - .

Then, we have

1

(1.71) AH (tg)I 4 Mt 3 HMt , for all t • 1
(17)I12(t l•N - , I - H 1 2 (t, )IL2

5 1

(1.72) 1H12 )lL 2 r4 Ht (H 12 (t,))I L2 C Mt4 for all t ) 1

3

(1.73) IH 13 (t,)l 4 Mt "  H13('0 L2 (Mt , for all t ) 1
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Combining these inequalities with (1.8), (1.9), (1.30), we derive (1.-o),

(1.67), (1.68) for t > 1. For the case t ( 1, we define

N -t2

(1.74) H 14(tc) = 22 (t,&) - e

and

^ 2A -at
(1.75) H 15(t,&) = - H4(t,&) - a

Then the following estimates

(1.76 A I4(t,&), 4 M, A H4t l2,;
(1.76) H H ^) 1 M, for all 0 ( t 1 1

L

(1.77) KH 14 (t,&)l L2 •M, IT&(&HI14(t,&))IL2 4M o l

14 2 ,1 2 M, for all 0 < t (1

(1.78) 1H15 (t,t)I 4 Mt , 5 HI5 (t,&)IL 2

are combined with (1.8), (1.9), (1.30) to yield (1.66), (1.67), (1.68) for

0 < t 4 1. In particular, H 14 (t,x) 
+ 0 in LI(R) as t + 0, from which

the last assertion of the lemma follows.

Lemma 1.10. G 23(t,x) e c[0,0); L), G 23 (0,X) - 0,
23

a G23(t,x) e c((0, ), LI), xG2tx)e C(0,) 1,

xxx23(tax)G• C((0, ),,;)Land

(1.79) lG 23(t,x)l M(1, for all t 0

I
2 1

1
(1.81) lmxG23(t,x)I • M(t 2 + )* for all t > 0,

3

(1.82) 13 xxxG 23(t,x)l 4 M(t + t)- , for all t > 0

Proof. We define

-20-



____ a+bd(c+) 2
b b 2(a+bd)(1.83) H16 (t,&) G G23 (tk)e

I tf-,/a+d a+bd(c+1) 2)

b 2(a~bd)
+e , for all t > I

21a+bd

A 3 t ba -at
(1.84) H 17(t,) -it H1(t,) + - e , for t > I

A b -tE2  b -tc&2

(1.85) H 18 (t,) - iCG 23 - -- e + e for 0 4 t 1
i 2 -at

(1.86) H (tA) = - H1(t,t) + !a e , for 0 < t I19 18 c

Then, proceeding as in previous lemmas, we can derive (1.79) to (1.82) from

the following inequalities:

1

(1.87) 1H6(to')l ' t I L t 2 4 Mt ,for all t > I
L

3 1
A 4,I(" i

(1.88) ICH16 (t,)1 Mt 2, i( H
16 (t,))I 2 4 Mt , for all t > 1

7 3

-199 lg2 I -L(2 4,( 9 H (t,&)I L 2 4 Mt , H(16 (tW)L 2 4 Mt 4 for all t ; I

A 2 34

(1.9) 1H HI(t')01 , t I t

(1.90) Ia HH1 7 7 t L 2 ) Mt ,for all t > I

A A

(1.91) IG E m A ) 4 M, for all 0 4 t 1 1
23 2 ac23' 2

(I92 *H18(,): •M, I H81(t:, M frIll02

(1 (t I e M, IL H (tE)I M, for all 0 t 1 I(1.94) I18(t, )L 2 MtL 2

(193 H9 (t&l ,4 M, for all 0 4 t ~1

(1.94) IH9(t,)l 4 Mt 2IL H9(tl- 2 M, for all 0 t 1
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Lemma 1.11. (i- G3(tx) e C((0,0); L1), m - 0,1,2,3, and
33

M
a, 2

(1.95) (Yx-) G33 (t,x)k 4 Mt , for all t > 0, m 0,1,2,3

(1.96) xxU3 3(t ~x)dx = G 33(tx)dx = 0, for all t > 0

+
Moreover, for each f e LI(R), G3 3 (t,x)*f(x) + f(x) in L1  as t + 0+

, and

if 0 < A < 2, it holds that Ixj a G (t,x), (xI G (tx) e C (0, L with
xx33 xxxG33

-+ -

(197) I xx G (tx)I • M(t 2 + t1+)

and 3 + 3

(1.98) ixI a xxxG3 3 (t,x)l 4 M(t 2 2 + t 2 )

for all t > 0.

Proof. We define

tuv +bd t a+bd(c+1).2
(1.99) H 20(t,&) G" 33(t,) 2(a+bd 2(a+bd)

t(-iia+bd a+bd(c+l) 2
bd 2(a+bd)

2(a+bd) e

^ ^-tc 
2

(1.100) H 21(t,g) G G33(t,)- e

Then, we obtain the estimates:

1! 1

(1.101) RH 200 )&2j L 2 2 Mt for all t I 1

1
A -1 a4

(1.102) 14H 2 0 (t,4)1 < Mt
- , I(EH 2 0 (tt))I2 Mt , for all t > 1

3 3
2A 2 a 2A 4

(1.103) It H 2(t,U)I 4 Mt I H (t,))U 2 Mt for all t ) 1
20 , I -20- 2
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7 5
3A M 4 3-% M 4 foal t I(1.104) It H 20(t)L2 ,I H20(t))L2< Mt , a

A
21 M, for all 0 4 t < 1

(1.15) I21(,) at MI- 21(t L 2

L2

3 1

33 ,L 2 
a (G3(t )) 2 ( Mt ,for all 0 < t ( 1

L L

3 3
2A 2 4

(1.107) a& (t,)I •Mt 22 < Mt 4 for all 0 < t 1

7 5
(1.108) It3G33 (t,)I L2 Mt 4 33 2 Mt 4 for all 0 < t 4 1.

L , G3t )L2

Using these inequalities and (1.8), (1.9) with suitable T > 0, we arrive at

(1.95). Combining (1.8), (1.9) with

(x+Ot)2  1+A

(1.109) I xi I __e 4rt MOrX(t 2 + t-l+A), for all t > 0
xw"rt

(x+ot)2  3 X 3 +X

1 4rt 2i+(1.110) I x e 4 2 (t + t ), for all t > 0
XXX.frt

where r > 0, 0 < A < 1, MBrA and MOrX depend only on 0, r, A, we get

(1.97) and (1.98). The continuity in t can be verified in the same way as

before and (1.96) is an immediate consequence of the first statement of the

lemma.

With the aid of Lemmas 1.6 to 1.11, we can discuss the properties of

solutions to (1.1), (0.7). First of all, we need to observe:

1 3
Lemma 1.12. If (u0 ,v0,80) e IL (R)) , then there is a solution to (1.1),

(0.7) in the form
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(u(t, X) 0 (xW

r0

(1.111) v(tx) = G(t,x)* v 0 (X

(e(t,x) 0(x)/

which is the unique solution within the function class of [C([0,T]; L1 )]3

for any T > 0.

Proof. On account of the properties of G(t,x) stated in Lemmas 1.6 to 1.11,

the right-hand side of (1.111) belongs to [C([O,-), L I)]3 and satisfies

(0.7). By taking the Fourier transform of (1.111), it is easily seen that

(1.111) is a solution to (1.1) in the sense of distribution. The uniqueness

can be verified by the standard argument which proceeds as follows: suppose

(U(t,x), V(t,x), 0(tx)) e [C([0,T], LI)] 3  is a solution of (1.1) with the

zero initial condition. Since the Fourier transformation is a continuous

mapping from LI(R) to C0 (R), (U(t,t), O(t,), 9(t,u)) e [C([0,T]; C0)]3  and

satisfies (1.2) in D*((O,T) x R). Hence,for each C > 0 and each e R,

it holds that

AA

U(tIO~

(1.112) ( 3 (t)P (;-4)dtd A V(tI) *(t)P(;-U)dtd
0 t C -00

)/ A

for all e 8 C0 ((O,T)), from which it follows that, by passing to the limit,

(t,) U(t,;)

AA(1.113) L' V (t,)) A A(4) V (t,4) ))A
(t,)/
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holds for each fixed C e R in D*((0,T)), hence in the classical sense.

A A A

Therefore, U(t, ) V(t, ) = e(t,¢) 0 for all t e [0,T] and ; e R.

Now we state the regularity and the asymptotic behavior of solutions to

(1.1), (0.7):

Theorem 1.13. Let (u0,v0 ,e0 ) e [LI n BV]3  and (u(t,x),v(t,x), 6(t,x)) be

the unique solution to (1.1), (0.7) in Lemma 1.12. Let Iu o + uOxI + v 01

IV xI + 1801 + lex I = U > 0, and fix any integer m ) 2 and any real number

0 < a -1. Then, we have:
3

(i) u(t,x) = w(t,x) + z(t,x), where w(t,x) e ([O,); LI),

w(o,x) = u0 (x), ax w(t,x) e C([o,,1iM), a tw(t,x) e C((O,
m ); L ),

L1
at ax w(t,x) e c1o,1o) M), z(t,x) e C([O,m) L 1), z(O,x) 0,

xz(tx) e c((o,0); L 1), a xxz(t,x) e c((o,o): M) and

1-m
2

(1.114) Iw(t,x)I < PM(1+t) , for all t > 0

M

2
(1.115) la w(t,x)l < UM(l+t) , for all t ) 0

x

2
(1.116) matw(tx)m C PM(l+t) , for all t > 0

1 a -m

2 2 2(1.117) la tx w(t'x)m 4 UM(t + t )(1+t) , for all t > 0

(1.118) lz(t,x)1 4 UJM, for all t ) 0

2
(1.119) la z(t,x)I e 1nM(1+t) , for all t ; 0x

1 a

(1.120) ma z(t,x)} < PMt (I+t) , for all t > 0
xx
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(ii) v(t,x) e C([0,16)1 L )gv(O,x) - v 0 (W, a3v(t,x) e C((O,in), Li)

t v(t,x) e c((o,-), M), 3v(t,x) e c((o,in), m) and

(1.121) Ev(t,x)I 4 Vt., for all t ;0 0

1

(1.122) ma v(t,x)E 4 u14(1+t) 2 for all t > 0
x

2 2
(1.123) 1max v(t,x)I 4 uJIt (1+t) ,for all t > 0

(1.124) 1ma v(t,x)I 4 uat- i for all t > 0

(iii) 3 u(tx) - 3 x ~tx in D*((o,-0) X R)

(iv) e(t,x) e C([0,0)1 Li), e(0,x) = o(x), a e(t,,x) e C((0,i Li)

3 e(t,,x) e C((O,-); LI), a 0(t,x) e c((0,in), A )and
t xxa

(1.125) 1(t,x)I 4 laM, for all t > 0,

2(1.126) la x (t,x)E 4 IIM(1+t) ,for all t > 0

xx

1 2
(1.129) mla 8 (t,x) l 4 it (+t), for all t > 0

xx C

(1.128) ma e(~)d (t,x) 4 limt 2t for all t > 0
t

A1.129) abov M'sxt ar constt indpenen of fo al t.>
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MQ~

w(t,x) - e-atu 0x),

z(t,x) - HI(tx)*u0 (x) + G12 (t,x)*v 0 (x) + G13(t,x)* 0(x)

we can easily verify the properties (i) with the aid of Lemmas 1.6 to 1.8.

Also, by virture of (1.1), (1.111) and Lemmas 1.7 to 1.11, it is easy to

derive all the other properties except (1.129) and the continuity of

a S(t,x) in A1'a. Similarly we can provexx Sxxxe(t,X) e C((0,a); M)

(1.131) 3

13xx e(t,x)l 4 VM(t+t2 )1- for all t > 0xxx

and a sharp version of (1.127):

i1

(1.132) 1a e(t,x)l 4 VM(t 2 + tf', for all t > 0

Now the proof is completed by combining (1.131), (1.132) with the following

lemma.
L1

Lemma 1.14. Suppose f(t,x) e C((O,w); L n BV) satisfying

1 3

lf(t,x)k • (t2 + t) -1  and 13 f(t,x)l • (t + t2) - 1 , for all t > 0

Then, f(t,x) e C((0,) A1 ') and

I1If(t~x)It 8  Mt 2(t2 + t)-,

(1.133)

22
• Mt (1+t) 2

holds for all t > 0, where 0 < 8 < I and the constants M are independent

of t.

1Proof. We need the following fact: for each # e L n BV,

1 --,x+h) - (x)l 4 lhl1"81a *
tht
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holds for any h i 0. Indeed, if *e L nl BV, there is a .een'ien- rt }

such that e C,*+ * in L and H 13 1*If, for all r~1

from which it follows that

I$(x+h) - (x)E li 1r a (x+h) -*(x)lI *1h a*(x+C)dCI
n a n 0 xn

Now, if 0 < Ihi ' /',

1-8

If(t,x+h) -f(t,x)I 4 fhI 18 xft a ~')

(1.134) IhIxx

1-8 3

't2 (t +tj)f

and if 0 < /t- thi,

(1.135) 1 I f(t~x+h) -f(t,x)I 4 2t 2 If(t,x)I 4 2t 2 ( t2 + )-

IhI

Considering the case 0 < t 4 1 and the case 1 4 t, separately, (1.133) is

easily obtained from (1.134), (1.135). Next, we observe that (1.134), (1.135)

also imply that

(1.136) II*(a11 x fl~ + 21#1

holds for all 0 e L 1 BV, from which we deduce that

f(t,x) e C((,in); A8  .

Remark 1.15. In fact, some of the estimates stated in Theorem 1.13 are not

sharp (e.g., compare (1.127) and (1.132)). They are, however, in such weak

form as to be applied directly to the nonlinear problem.
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2. Nonlinear Problem

In this section we will establish our main result:

Theorem 2.1. Assume (0.9) and (0.10). Then, there exists a positive number

6 such that if (u0 (x),v 0 (x),e 0 (x)) e (1 n Bv)3 and lu 01 + 13 01 + Iv 01

+ 13xV0 | + e 0 + a e a01 6, there is a global solution (u(t,x), v(t,x),

8(t,x)) to (0.6), (0.7), satisfying the properties i) to (iv) (with

different constants if necessary) stated in Theorem 1.13.

The proof of this theorem will be split into three steps. First, we

construct a suitable function space X with the properties which were fu4nd

for the linear problem. Second, we define a mapping T from X into itself

so that the fixed point of T may be a solution of (0.11). Finally, we prove

that the mapping T is a contraction and that the solution to (0.11), (0.7)

is also the solution to (0.6), (0.7).

(Step I). We construct X as follows: Let X be the set of all quadruplet

(w(t,x), z(t,x), v(t,x), e(t,x)) satisfying the properties (A) to E):

(A) w(t,x) e C([0,"); LI), w(0,x) = u0 (x), axw(t,x) e c([o,o); M),

atw(t,x) e C((0,-); Li), a xw(t,x) e C((0,); M) with

1-m
2

(2.1) Iw(t,x)I 4 K(1+t) , for all t ) 0

m

(2.2) a3 w(t,x)| 4 K(1+t) , for all t ) 0
x

m

2(2.3) #t w(t,x)| 4 K(1+t) , for all t > 0

1 M
2 2) 21+

(2.4) 13 tX w(t,x)I 4 K(t + t +t) , for all t > 0
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where m, a are the numbers fixed in Theorem 1.13, K is a constant

independent of t and will be determined after we can collect all the

conditions on K.

(B) z(t,x) e C1[0,6) I), z(O,x) - 0, 3xz(t,x) e c([O,-); L 1

3 z(t,x) e c((o,-); M) withxx

(2.5) Iz(t,x)l ( K, for all t ) 0

I
2

(2.6) 18 z(t,x)E < K(1+t) , for all t > 0

I
2 2(2.7) 33 z(t,x)l 4 Kt (1+t) , for all t > 0xx

(C) atw(t,x) + atz(t,x) = Dxv(t,x) in D*((0,m) x R) .

(D) v(t,x) e C([O,-)l L ), V(O,x) - v(X), axv(t,x) e C((0,0) L I),

atv(t,x) e C((O,-); M), a xxV(t,x) e c(0,); M) with

(2.8) lv(t,x)l ( K, for all t & 0

1

(2.9) 3x v(t,x)l 4 K(1+t) , for all t > 0
II

2 2
(2.10) l xxv(t,x)l 4 Kt (1+t) for all t > 0

1

(2.11) lt v(t,x)l 4 Kt , for all t > 0

L1
(E) O(t,x) e C([0,); L ), 0(0,x) = B0 x), axO(t,x) e C(0,0); L),

a 0(t,x) e C((0,-); L ), a 0(t,x) e C((0,-); A 1'f) with
t xxa

(2.12) 10(t,x)l 4 K, for all t > 0 ,

I

2(2.13) la O(t,x)U < K(1+t) , for all t > 0

I

(2.14) la O(t,x)l < Kt (1+t) , for all t > 0
xx
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(2.15) I la (t,x) 4 Kt 2 (~) for all t > 0

2 2
(2.17) ia t (t,x) - 0d3 v(t,x)I 4 Kt (1+t) ,for all t > 0

Since the solution to (1.1), (0.7) satisfies the properties (A) to (3) if

3AM 4 K (see Theorem 1.13), the set X is not empty. Now X shall be

endowed with the metric d(9,) for (voz,v#O), (w,z,V,O) e x, we define

in-I
2-

(2.19) d((W,Z,V,O), (W,Z,v,6)) -sup (1+t) Iw(t,x) - w(t,x)I
t0

22
" sup (1+t) ia w(t,x) - a xw(t,x)I + sup Of+t) 13 w(t,x) - atw(t,x)I

t),0 t>0

1 in
2 2

" sup t (1+t) la ta xw(t,x) - a ta xw(t,x)I
0<tC x t

a in

" su t fl+t) ua ta vW(t,x) - a taxw(t,x)I

I

" sup Iz(t,x) - z(t,x)I + sup (1+t)2ia xz(t,x) -a x (t,x)E

t>0 t)0 x

" sup (1+t) 2 1a z(t,x) - a tZ(t,X)I
t>0

" sup t 2(1+t) 2 a ,xz(t,x) -a z;(tx)I + sup Iv(t,x) - ;(t,x)E
t>0 0,0

1 1 a

" su (1+t) Iaxv~t,x) -a v(t,x)I + sup t (1+t) 213 v(tx) - a xv(t,x)I
t> 0 t>o

1

" sup t la tv(t,x) - a tV(t,x)I + sup IO(t,x) - (t,x)I

t>0 tONO
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1 1 c

+ sup (1+t)2 l 8(t,x) - x 8(t,xl) + sup t2(1+t)2 g1 8(t,x) - a 8(t,x)i

t>0 t>0

1 1+a a

" sup t13 te(t,x) - at0 (t,x)l + sup t (1+t) Ili xx0(t,x) - 3xx8(t'x)lIlL
t>o t>o

1 cx

+ sup t2 (1+t) 2 1 tO(t,x) - d v(t,x) - 3 8(t,x) + da v(t,x)l
t>0 t x

It is not difficult to see that X becomes a complete metric space with the

metric d(o,.). The proof of this fact is left to the reader.

Before proceeding to Step (II), we shall make some preliminary remarks.

We recall that p(u,e) and are analytic functions of u, e in ae,(u,8)

neighborhood of (0,0). So the first condition we should impose on K is

(2.19) K 4 min(! V, 1)
3

where V is a positive number such that p(u,O), 1 can be expanded as
e(u,O)

Taylor series in u, 0 if lul 4 2V, 1014 2V. Hence, recalling that

-Pu(0,0) - a, we see that

(2.20) p u(w+z, 8) + a = a qr s

14q+r+s qrs

is valid if Iwl, IzI, 181 4 2K. Next we observe that if (w,z,v,O) e X, it

follows that z, 8 e C((o,); C ). Hence, for nonnegative integers q, r, s,

(wq + l) zr s  is well-defined and belongs to C((0,0); M). Now we define for

given (w,z,v,O) e X,
n a

(2.21) S (t,x) = qrs (Wq+1) z rs
n 1q+r+s q+1 x

and

(2.22) 0(t,x) = p(w+z, 6) - Pu (w+z, 6)z - pO(w+z, e)G + aw .x x

Then we have
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Lemma 2.2. S (t,x), a(t,x) e C((0,m); M) and S (t,x) + o(t,x) in Mn n

uniformly in t as n + 0. In addition, it holds that

-1-M

2 2
(2.23) 10(t,x)l 4 MK (I+t) , for all t > 0

where M is independent of K and t.

Proof. Let us set w. = w*P ZF = z*P OF = O*0 and define

n a

S (t,x) = cirs (w q+1) ras
1-q+r+s q+1 E x £ £

S(t,x) =qrs (wq+1) r s
19q+r+s q+1 E x £ "

Then using (2.20), (2.22) and the properties of X, it is obvious that

S,(t,x) 8 c((0,-); M) for each £ > 0 and that

S¢(tex) = p(wc+zl£ £e)x - Pu(wc+zc, e)3x z - p8 (w +z , 8 )xa 8 + a3x w

= {pu(wc+z , G) + a)aw.

holds. Moreover, we can easily see that for each fixed t > 0,

P(W+ Z, )+ p(w+z ) in z*(R)
Ex x

pu(wc + ze, 6)aZ 4 C p (w+z, 8)3 z in V*(R) ,

Pe(wE + ZI CE x + pe w+z, ea e in D*(R),

when £ + 0. Therefore, for each fixed t > 0, Sc (t,x) + 0(t,x) in V*(R).

Combining this with the estimate

-1-m

(2.24) Is (t,x)I MK2(1+t) , for all E > 0, t > 0

where the constant M is independent of K and t, we conclude that for

each fixed t > 0, 0(t,x) e M and S£ (t,x) + o(t,x) in the weak * topology

of M, from which (2.23) follows. on the other hand, it is easy to see that
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for each fixed t > 0 and n, S (t,x) S (t,x) in the weak * topology

niC n

of M as C + 0. Hence it holds that

(2.25) 1 < a(t,x) - S n(t,x), g(x) > I ( li I < S (t,x) - S n(t,x), g(x) >

(q+l )- I(r+s)

SIgI Ia qrsKq+r+s+
l ( + t ) 2 1

L n+1(q+r+s

for all g e C0 (R) and t > 0, where <*,*> denotes the duality pairing

between CO and M. Now the remaining assertion of the lemma follows from

(2.25).

(Step II). We shall construct a mapping T from X into itself. For

(w,z,v,e) e X, (w,z,v,e) - T(w,z,v,O) is defined by

w(t,x) = eat u (x) - ft G 2 (t-T,x)*C(T,x)dT01
2

(2.26)
2 -a(t-T){pwz

+f e (p(w+Z,) + aw + az + bO}(T,x)dT

where O(T,x) is given by (2.22),

(2.27) z(t,x) = H 1 (t,x)*u 0 (x) + G12 (t,x)*v 0 (x) + G13(t,x)*e0(x)

tS G12(t-T,x)*[(pU (w + Z '0 ) + aIaxz + {Pe(w+z,e) + b}3x01lT,x)dT

2

-f2 H5 (tT,x)*(p(w+z,O) + aw + az + be}(T,x)dT

-ft (t-,X)*{ 0(W+Z,e) ( +e) + dj3 v](T,x)d7

+ f G 13 (t-T,x)*{ (+ ) (axv) 2 (T,x)dT
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+ ft G (t3 Cx)*[( 1~ - 0 ](r,X)dr
0 3e 0(w~zIO) xx

(2.28) v(t,x) - G 2 1 (t,x)*u0(xW + G 2 2 (tx)*v0 (X) + G 23 (t.x)* 0(XW

- ft G2 2 (tT,X)*a {p(V+z,e) + aw + az + be)cT,x)dT

- ft G 2 (t-rx)*E( (W+ZO) (;+e) + d)3 v](T,x)dT

0~ 23eOWZe

" ft G2 3(t-C,X)*( Iwe (Si) 2 (T,x)dr

" ft G tTX*( 1 - cI3 e](r,x)dT

(2.29) e(t,x) G G31 (t,x)*u 0(W + G 3 2 (t,x)*v 0(x) + G 3 3 (t,x)*0(xW

- ft G32 (t-r,x)*a (p(w+z,e) + av + az + be)(T,x)dT

- ftG (-~)[ eCv+z,) (O+O) + d)3 v](T,x)dT

" ft G 3 3 (t-TIX)*[{ Iv e }(,x)d

+ 0 G3 3(t eV{ e(W+ZO) - )a~txx 4

Since (v,z,v,e) e X, it is easily seen that w, z, vr and e are well-

defined as distributions in ((0,00) x R) and satisfy the equations:
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(WZt Vx

Vt 
= a(w+z) + bB + v - a {p(w+z,6 ) + aw + az + b8l

(2.30)1

6 dv + cO 8e + d}v + 1 (V )2
t X Xx ee(w+z,6 ) x e (w+z,8) X

1 - e
e8 (w+zG) xx

in D*(O,m) x R) (see Appendix).

Now we shall prove that (w,z,v,O) e X. Throughout the remainder of this

paper, the constants M will be independent of K and t.

Lemma 2.3. JI (t,x) tdf J G12 (t-T,x)*O(T,x)dT satisfies the properties (A)

2

of (Step I), except w(0,x) = u0 (x), with MK2  in place of K in (2.1) to

(2.4) and it holds that J1 (0,x) = 0.

Proof. Estimates for IJ 1(t,x)l and 1i I (t,x)l follow immediately from

(2.23) and Lemma 1.7. In order to estimate 13 tJ (t,x)l and la t a (t,x)I,

we define

(2.31) g (t,x) = ft G12 (tTX)*S (Tx)dT

2

where S n(T,x) is given by (2.21). Then on account of (2.25), it is clear

that Ig n(t,x) - 3 (t,x)l + 0 uniformly on (0,0) as n + , from which it

follows that

3tgn(t,x) + t3 (tx) in D*((0,-); L (R))

t Xgn(t,x) + 3txJ1(t,x) in D*((0,m) x R)

Now the proof is completed by the following lemma.

Lemma 2.4. For each n, 3tgn(t,x) e C((0,1); L ), 3t xgn(tx) e C((0,0); )

and it holds that

-36-



m
2 2

(2.32) a3tgn(tx)E 4 MK (1+t) , for all t > 0

-in 1 - a

(2.33) a ta g (t,x) < MK (1+t) 2(t 2 + t 2), for all t > 0

where M is independent of K, n and t. Furthermore, as n,k +

(2.34) latgn(tx) - atgk(t,x)l + 0 uniformly on [0,-)

and

(2.35) ataxgn (t,x) - aaxgk (t,x)E + 0 unformly on each

compact subset of (0,1)

Proof. Since Sn is a finite sum, we may estimate each term of gn(tx). By

integrating by parts, we see that

(2.36) M qrs(t,x) df a ft G U (t-Tx)*{(wq xzrs(Tx)dT

2

f t G (t-T,x)*{wq+1(zr8s) I(T,x)dT + a it dwq+IzrS-t t G12 x t t G12(tTx* (x~

2 2

1 G (.'x)t{wq+1(zreS) x( ,x) - t 3 G (t-T,x)*{wq+1(zr s) )(T,x)dT
2 12 2 x 2 t x 22X

2
at1 I x t q+ rs. ,t -,~ r 2 + rst

* -- G2(x)*(w z ) ( ,x;- _ w q+Izr S(t,x) + e T w zr (-,x
2 12 2 x 2 2

Sa -a(t-T)wq+ t H (tT,x)*(w q+1zrS) (T,x)dT
t t 5 T
2 2

Here we have used (1.38) and the fact that at G 12(t,x) a G22 (t,x) in

D*((0,0) x R) which follows from (1.7) (see Appendix). Applying Lemmas 1.7,

1.9 and the properties of X, we can derive that

Mqrs (t,x) e c((o,-); 
L

(2.37)

IM (t,x)E r (q+r+s+1)MK (1+t) , for all t > 0qrs
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where M is a constant independent of t, K, q, r and s. Therefore, we

conclude that

n a La g (t,x) n qrs (t,x) e C((O,*) L)

t n lq+r+s q+1 Mqrs

and, by recalling (2.19),

m

(2.38) lag (tx)I I q+r+s+l IM K q+r+s+l (1+t) 2
t n 14q+r+s I qr

m

MK(11+t) , for all t > 0 and n > 1

where M denotes different constants independent of K, t and all the dummy

indices. From the estimate

m
n

(2.39) la g (t,x) - 3 9g(tx)I fa qI c+r+s+1 JarsM K q+r+s+l 
(1+t) 2

t n t k k+14q+r+s q+1 qrs

for all t > 0 and n > k+1, we get (2.34). Next, we define

(2.40) M C (tx) at f G 2 (t-T,x)*{(w 1 ) z r s } ( T , x ) d T

2

where w. = w*P, ze M z*PC, e = e*p. Then using (2.36), we have
rs t

(2.41) (t,x) - . 3 G ()* +l(rS)
x qrs 2 x122 x

ft G (t- *( q+1 ) (z r s ) + W q+ 1 r.o )(,x)dT
t x 22 C £x C Cx C CC xx
2

2 x 122 xC x2

at
1w+ r s 2 .q+1lrs t

- O zr8) (t,x) + e 2(w z 0)x(-,x)
C CC C E E 2

+ a ft e-a(t-T)(wq+lzra) ( T , x ) d T

t C C)
2
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+ fta H z (,x)dr
t x 5 E LT

2

In order to estimate the last integral, we need to observe that (1.41) implies

3

(2.42) la H (t,x)I 4 Mt 4, for all t > 0

Combining this with (2.19), the properties of X and Lemmas 1.7, 1.9, we

obtain

(2.43) Me  (t,x) e C((0,-); L
x qrs

m 1 -

(2.44) 1axMrs (t,x)| 4 (q+r+s+1)2M (q+r+s+1(1+t) 2(t 2 + t 2), for all t > 0

(2.45) 13Mr (t ,X) - a Me (t2 ,x)l ' P(tt2 )(q+r+s+l)3M K
q + r+ s , for all t1,t2 ) 0,

where M is a constant independent of t, q, r, s, e, K, and P(ti1 t2 ) is a

function of t1 ,t2 > 0, independent of q, r, s, C, which tends to zero as
£

t2 + t1 > 0. Comparing (2.36) with its analog for M qrs(t,x) and using the

fact that for each t > 0,

zE + z, OE +e in C0(R)

we + w, axZe + a x, a e 8 in L 1R)

wtwe  tw  tze + a a in L 1 (R)

W + wq weak * in L (R) for all positive integer q

atw, axz, ax e e L CR)t X

it is easily seen that ME  (t,x) converges to M (t,x) in D*(R) for
qrs qrs

each t > 0, which implies that aMC E(t,x) converges to a M (t,x) in
x qrs x qrs

D*(R) for each t > 0. Combining this with (2.43), (2.44), (2.45), we derive

that aM (t,x) is the weak * limit of a M E  (t,x) in M for eachx qrs x qrs

t > 0, and that

m 1

(2.46) l3xMqrs (t,x)I 4 (q+r+s+1) 2M K q+r++1(I+t) 2(t + t ), for all t > 0
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(2.47) 3x M (t1,X) - aM (t2 ,x)I ( P(tlft 2 )(q+r+s+1) 3 M K for all t1 ,t2 > 0

from which it follows that

(2.48) a xM qrs(t,x) e C((0,m); M)

Now it is obvious that

n a

(2.49) a 3 gn(t,x) I  
-re a M (t,x) e C((O,-); M)t Xgn 14q+r+s q+1 x qrs

and (2.33), (2.35) hold.

t
J(x)def f2 e-a(t-T){Pwze

Lemma 2.5. J2(t ' x) - 0 e- {p(w+z, ) + aw + az + b6)(T,x)dT has the

same properties as were stated in Lemma 2.3.

Proof. Proceeding as in Lemma 2.2, it is easy to observe that

p(w+z,6) + aw + az + be e C((O,-); L 1

(2.50) 1

Ip(w+z,e) + aw + az + bl < M K2 (1+t) 2, for all t > 0

and { p(w+zO) + av + az + be e c((0,)i M)Pw'Oxax x x

(2.51)

Ip(w+z,O) + aw + az + be I MK2 (1+t)-1, for all t > 0

which yield the result.

Before proceeding to get other estimates, we note the following fact:

Lemma 2.6. Suppose g(e,s) e C (RxR), g(0,0) = 0 and IDg(*,O)I is bounded

by the constant L. Let h1(t,x), h2(t,x) and h3(t,x) belong to

C((0,-); L i n BV). Then, it holds that

(2.52) 8x{g(h1 (t,x), h2 (t,x))h 3 (t,x)) e C((0,-); M)

and

#axg(hl(t ,x ), h2 (t,x))h 3(t,x)}l (

(2.53)
S-- Llh 3 (tx)I(Ia h1 (tx)l + la h2(tx)l) for all t > 0
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Proof. Regularizing hi, h2, h3 with respect to x and using the

convergence argument in Lemma 2.2, we can obtain the result.

Lemma 2.7. J3(tx) def ft 012 (t-Tx) tp(wzA) + az +

2

{p,(w+z,O) + b}xI](T,x)dT satisfies the properties (B) of (Step I) with MK2

in place of K in (2.5) to (2.7).

Proof. The proof follows immediately from the properties of X and Lemmas

1.7, 2.6.

t

Lemma 2.8. J4 (t,x) d~f f2 Hs(t-T,x)*[p(w+z,e) + aw + az + bO1(T,x)dT

satisfies the same properties as were stated in Lemma 2.7.

Proof. It suffices to combine Lemma 1.7 with (2.50), (2.51).

Lemma 2.9. Js(t,x) d2f ft G (tT,X)*[{ 8  (0+) + dlv ](T,x)dT
50 13 eO(v+ze 0)

satisfies the same properties as were stated in Lemma 2.7.

P8 (e,')
Proof. Since eis an analytic function in a neighborhood of (0,0)

p8 (O,O)
and - e (0,0) d, we can write

pw+zO) q
(2.54) (+8) + d = a (w+z) + aa + a (w+z) r

e (w+z,e) 10 01 + a24q+r qr

if Jwi, IzI, 181 ' K (recall the condition (2.19)). Break J5 into

J5,1 + J 5 , 2 , where

5 pf(w+z,e)

(2.55) 0s,ilt,x) = f G1 3 (t-TOx)* (w+z,) (0+8) + d}v x(T,x)dT

p,(w+z,)
(2.56) Js z(t,2c = f _ 13 (t-T x) e (.+ 8 + ) + dlv ](T,x)dT
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Using the property (C) of (Step I), we see that, for each t > 0,

t t

(2.57) f2 G13 (t-T,x)'((w+z)v )(1,x)dT = lir f2 G1 3 (t-T,x)*{(w+z)v }(T,x)dT
13x e+0 x

t

l lrm f2 G 3 (t-T,x)*{(w+z)(w+z) (T~,x)dT

1 t 2t 1 2
SG 1 3 (jx)*(w+z) (Ix) - j G1 3 (t,x)*(w+z) (O,x)

t

+ in f2 aG 1 3 (tT,x)*(w+z)2(T,x)dT

But tG13(tx) - 'xG23(tx) in VU110,1) x R) and hence, by virtue of

Lomas 1.8, 1.10, we obtain

t

(2.58) f2 G 3 (t-T,x)*I(w+z)v )(T,x)dT e C(1o,-); L

and, assuming lu01 + maxU0 1 ( K (which will be fulfilled by (2.200)),

t

(2.59) 1 f2 G (t-T ,x)* {(w+z)v x (T,x)dTI 4 tK2 , for all t > 0
0 13 x

Next we have

t t

(2.60) f2 G1 3 (t-r,X)*tev )(T~x)dT = im f2 G (t-T,X)*{-' 90 (T,x)dT
£4+0

t

+ lim f2 G1 3 (t-T,X)*{ 8 (v - ))(Tx)dT
Cx 6 13 x d T

The L1-norm of the first integral on the right hand side can be estimated by

integration by parts as in the derivation of (2.58), (2.59), and the Ll-norm

of the second integral can be estimated directly with the aid of (2.17); we

obtain
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t L1

(2.61) f2 G (t-Tx)*{Ov 1(Tx)dT e c(10,0); L
0 13 x

and, assuming 1001 + Ia x801 4 K (which will also be fulfilled by (2.200)),

t

(2.62) I 0f2 G 13 (t-Tx)*{Ovx)(T,x)dT| 4 MK
2 , for all t 0 0

Noticing that

(2.63) a (w+z)qev e c((0,m )l LI)
21 q+r

3

(2.64) I a qr(W+z) qrvx 1 MK3 (+t) 2, for all t > 0
2(q+r

we derive that

t

(2.65) f2 G (t-T,x)*( I a (w+z)qr v)(T,x)dT e C([O,m ); Lo 13 2(q+r qr x

and, by (2.19),

t

(2.66) If02 G1 3 (t-T,x)*{ I a (w+z)qerv )(T,x)dTI 4 MK2 , for all t > 0
2(q+r qr x

Hence, we conclude that

(2.67) J5,1(t,x) e C([O,-), LI), J5 , 1 (0,x) - 0

and

(2.68) J5,1(t,x)l 4 ,K 2 , for all t > 0

Next we can directly obtain

(2.69) J5 ,2(t,x) e C([0,1); LI), J5,2(0,x) = 0

and

(2.70) J5,2 (t,x)l 4 K2, for all t > 0

from

-43-



(pe(w+z,) 1

(2.71) ee (w+z, (9+6) + d}v (t,x) e C((O,)i L1)

e0(wwzz,) 2 -)

(2.72) I{(W9) (0+0) + dlv (t,x)l 4 MX (1+t) -  for all t > 0

Thus, (2.5) has been proved with K replaced by MK2. In order to estimate

the Ll-norm of 3 xJ = xJ5,1 + 3 xJ 5,2 it suffices to replace G 13 (t-T,x)

by xG13 (t-T,x) for both 3xJ5,1 and 3 x 5,2* However, we note that for

the case t 4 1, laxJ 5,1 can be estimated directly without going through the

lengthy procedure as was done for IJ 5,11. Finally, we will estil

laJ5I. By virtue of (2.19) and Lemma 2.6, we have

(2.73) (;+e) + d)v (tx) e Co-,); M)

and 1

(2.74) ea (w+z, () + dv x](t,x)l MKt (1+t) 2 for all t > 0

from which it follows that

p(w+z,O)(0)

(2.75) xJ52(tx) = f xG 3(t-T,x)*ax[{e( (w+z,e) (0 6) + d}v

2

(Tx)dT e C((0,-); L )

t p(w+z, O)

(2.76) 1 (t,x) f2 a G (t-T,x)*[{ epe(w+z,)(+6) + d}v
xx510xx 13 e 8(w+Z,O) x

1
(T,x)dT e C((0,); L I

and

1

(2.77) ixJ 5 ,2(tx)l, axx 1 ,1(t,x)l MK 2 t 2 (1+t) 2, for all t > 0
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Lemma 2.10. J6(t,x) d2f ft G3(tT,x)*ew1 (xV) 2 }(T,x)dT has the same

6____0_ 1t (t e,)((eZ) x

properties as were stated in Lemma 2.7.

Proof. Using the properties of X, we see that

e 1w+z,O) (xV) e c((0,00) L1

(2.78) 1 -1-a
1 - 2 2 2 2(a v)2E ( MK t (l+t) , for all t > 0

e0 (w+z,6) x

and, applying Lemma 2.6 with some modification,

{ 1 (av) 2  e c((oe); M)
(x2 ee(w+z,O) x

(2.79)

1a ( 1 (axv) 2}l ( K2t-l(1+t)-, for all t > 0L x e 6(w+zIe) x

From (2.78), (2.79), we can easily get (2.5) with K replaced by MK2 . Let

us define

t
(2.80) J6,1(t,x) G 3(tT,).{ 1 26, 3e 8(w+Z,O ) (x~l}Txd

and

(2.81) 12(t,x )  f G13 (tx){ )(Tx)d(2. e e(w+z,6) x
2

Then, using the properties of G13 (t,x), it is easily seen that

(2.82) x 6,1(t,x), 3 6,2(t,x) e C([0,-); LI)

and

(2.83) 13 J6,1(t,x)I lax16,2 (t,x)I 4 MK2 (1+t) 2, for all t ) 0

Observing that
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t

(2.84) 3 _ ,l(t,x) - f2 G (t-Tx)*( 1 (3 V) )(T,x)dTx6,1 0 )x 13 ee(w+zI) x

(2.85) u62(t~Ix) It xG13(t-Xxex( ew., , 0) (axv) 21(,x)dT
2

we can derive that

(2.86) 3 J (t,x), a 6 (t,x) e c((o,); L1 1
xx 6,1 xx 6,2

and 1

(2.87) 1a xx6, 1 (t,x)I, laxxJ 6 ,2(t,x)l < HK2t 2(1+t) 2, for all t > 0

Lemma 2.11. J}x(tx) dif 0 13 X D 1( 0  3 (T,x)dT satisfies

the same properties as were stated in Lemma 2.7.

Proof. First, observe that

(2.88) e 1 - cia x(t,x) e C((0,0) LI)

and

1 -1-M

(2.89) 1{ee(w+z, ) - ca xxe(t,x)l MKt 21+t ) 2 for all t > 0

Proceeding similarly to the proof of Lemma 2.10, we can easily verify that

J7(t,x), axJ7 (t,x) satisfy the required properties. Next, recalling the fact
that xG13(tx) - b -at6lx) + Hs(t'x)' where H8(t,x) e C(0,-)L ) with

tht xxl13 c H~~,

the estimate (1.53), we can write

xJ7 (t,x) - ft aG 13 (t-T,x)*[{ 1I, CaX 8](T,x)dT
xx 7t xx13 ee (WZ,6) xx

2

(2.90) t

+ f2 ?- G (tTx)*[ I - c)3  ](T,x)dT
0 :.cx 13 e0 (w+za) xx

and estimate these two inegrals separately. Using
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2
(2.91) 1H (t,x)I C M4t ,for all t > 0 (which follows from (1.53))

for the first integral and

(2.92) *H,(t,x)I 4 Mt-1, for all t > 0,

for the second integral, we obtain

(2.93) 3J 7 (t,x) e C((O,-); LI)

and

(2.4)13 (~x) (14 2  2 2
(2.9) l xx1 7 t~xl 4 NKt (1+t) ,for allt>0

Lemma 2.12. (t,x) d~f ft G22(t-T,X)*3 {p(w+z,e) + aw + az + bO)(T,x)dT

satisfies the properties (0) of (Step 1) with K replaced by 14K2, except

v(0,x) - voand (2.11). In addition, JB(0,x) - 0.

Proof. Breaking J8(t,x) into two parts by

i '(t,x) = ft G22(t~T,X)*3 f(W+Z,O) + aW + aZ + bej(T,x)dT

2

(2.95)

+ f23 G (t-T,X)*{p(w+z,e) + aw + az + bG)(T,x)dT
0 x 22

we can easily find (2.8), (2.9) with K replaced by MK2 with the aid of

(2.50) and (2.51), which, combined with the dominated convergence theorem,

also yield

(2.96) J (t,x) e C(EO,I)i L 1), J 8 (0x) - 0

(2.97) a J (t,x) e C((,m)j L).

Sic 3 xG2 (-,~ is not integrable over (0,t), it is rather

complicated to estimate 13x J a(t,x)E. First, recalling (0.10) and (2.19), we

write

(2.98) p(w+z,e) + aw + az + bO - b br
2e-q+r+sqs
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and define
n

(2.99) F (t,x) = b qr s ,
n 24q+r+s qrs

(2.100) J (tx) ft G (t-T,x)*3 F (T,x)dT
8,n 0 22 x n

Then, Fn(t,x) converges to {p(w+z,O) + aw + az + bO}(t,x) in LI(R)

uniformly on (0,m) as n + 0. Therefore, xxJ8,n(tx) converges to

a xx (t,x) in D*((0,o) x R). Since Fn(tx) is a finite series, we can

estimate xxJ 8n(t,x) term by term. Set

(2.101) Qqrs(tx) = a f G (t-Tx)*a {wq z r (T'x)dT
qrs xx t 22 x

2

Assuming Lemma 2.13 which will be proved subsequently, we see that

(2.102) Q (tx) - q z {wr s}(t'x) + G22 (Ix)*a W z r8 s}(Ix)qrs x 222 x 2

+ f a G (t-r,x)*a {wqzres}(T,x)dT
t x 22 T
2

-a ft a G (t-T,X)*a (wqzrsS(T,x)dT
t x 12 x
2

-b ft 3 G (t-T,X)*3 {wqzrsS}(T,x)dT

t x 32 x
2

holds in D*((0,m) x R). Considering each term of the right-hand side, we

deduce that, for q > 1,

(2.103) Qqrs (t,x) e c((0,-), M)

and 1 a

(2.104) IQ (t,x)I 4 (q+r+slK st (1+t) , for all t > 0
qrs

where M is independent of q, r, s, K and t. For the case q = 0,

r+s > 2, we note that
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a (zres}(tx) e c((o,-), M)
xx

(2.105) r a11

~ ( 61t~)I (rs)r~s..)?Aij4 t- 2 2Tlaxx zrsS(t,x)I 4 (1+t) , for all t > 0

where M is independent of r, s, K and t, and use the formula

(2.106) Qo(t,x) = ft xG22 (t-',x)*3 {z r }(T,x)dT
ors t 2xx

2

to find that

(2.107) Qors(t,x) e c((0,0); L
I

1 C

(2.108) IQors(tx)I < (r+s)(r+s - 1)MKr+St 2(1+t) 2, for all t > 0orsor a l

Next, set

t

(2.109) qrs (tx) = a f2 G22 (t-Tx)*a {wqzr S}(Tx)dT
qrs xx 02

Recalling that

20 xxG22 (t'x) e C((0,m ), M)

xxG22(t,x)l Mt-1 , for all t > 0

we get, for the case q+r+s ) 2,

(2.111) R qrs(t,x) e c((0,), M)

q+r+s 2 2
(2.112) Rqrs (t,x)l 4 (q+r+s)MK t (1+t) for all t > 0

From the properties of Qqrs' Rqrs and the fact that

-2 v q+r+s
[ b (q+r+s) () is an absolutely convergent series, it follows

24q+r+s qrs 2

that

(2.113) xxj8,n(t,x) e c((o,-); M)
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2 2
(2.114) 13 xxJ ,n(t,x)l 4 MK t (1+t) 2 for all t > 0, n ) 2

(2.115) ixxJ8 ,n(t,x) - xxJ8,k(t,x)l + 0 uniformly on each compact subset

of (0,0) as n, k +

Hence, we conclude that

(2.116) xx j 8(t,x) e C((0,,); M)

1 ci

2 2 2
(2.117) 13x J (t,x)E 4 MX t (1+t) , for all t > 0

To complete our argument, we shall present:

Lemma 2.13. Let g(t,x) e C((0,0)1 L 1n BV), tg(t,x) e C((0,0); L ),and

set Q(tx) = f G (t-T,x)*a g(T,x)dT. Then, it holds that
t 22 x
2

(2.118) axxQ(t,x) = -xg(t,x) + G221x)  g(2,x)

+ t x22 (t-T,x)*3 Cg(T,x)dT

2

-a ft a G12 (t-T,x)*a g(T,x)dT

2

-b f a G (t-T,X)*a g(T,x)dT in V*((0,1) x R)
tx 32 x

2

Proof. Define

t

(2.119) Q (tx) = /t t G2(t-Tx)*a g(Tx)dT
Ct 22 x

2

Then, it is easily seen that Qc (t,x) + Q(t,x) in V*((0,) x R) and hence,

3xxQc(t,x) + 3xxQ(t,x) in V*((0,) x R). In the mean time, we have, for

t
0 < C < 2'
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(2.120) 3xxQC(t,x) - ft' 3 G (t.-t,x) 3 g(T,x)dT
xCt xx 22 x

2

=-a ft -C 3 G (t.,x)*3 g(rx)dT - b f" 3 G (t-TX)-a g(Tx)dT
t x 12 x t x 32 x
2 2

+ jC " 3 tGz2(t-T,X)*3xg(T,x~dT,

2

which follows from the identity

3 xxG 22(t,x) = -a3 xG 12(t,x) - bxG32 (t,x) + t G 22(t,x) in D*((O,) x R)

But we see that

t-a 3tG22(tT,x)*axg(T,x)dT = G (tx)* xg(,x) - G2(Cx).3xg(tC,x)

ft tG22 x22 2' 2 22 c xOgtcx
2

(2.121)
+ f - E 3 G (t-T,X)*a g(T,x)dT

t x 22T
2

and

G 22(C,x)* xg(t-C,x) H 14(,X)*3 xg(t,x) +F1 £f 2
(2.122) 2 4x +~(

+ G 22(C,X)*{x g(t-C,x) - x g(t,x) •

which follows from Lemma 1.9. Using the fact that

(2.123) IH 1 4 (E,x)I + 0 as C + 0

and that for each fixed t > 0,

(2.124) Iaxg(t-cx) - xg(t,x)l + 0 as E + 0

_C 2

(2.125) e iE 4(t,E) + i (t,E) in tempered distribution as C + 0

we can easily obtain (2.118) by letting C tend to zero.

We proceed to estimate the remaining integrals. Let us define
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(2.126) J (t,x) =f G t-TX)E{( 0 +9( +8) + d}a v](t,x)dt

G23(_T~x.{e(w+z,) ( )}Zx

(2.127) J0 (t x )  fG(tTX)*{ I (a }(T)dT
10 0 23 e6 (w+Z,O)

(2.128) Jl(tx) f 1 G (tT,x),[{e8z](TX)d

Then, proceeding analogously to the proof of Lemmas 2.9 to 2.11, we can obtain

the following result:

Lemma 2.14. J9 (t,x), J 10 (t,x) and J11 (t,x) satisfy the same properties as

were stated in Lemma 2.12.

Lemma 2.15. J12 (t,x) dief ft G3 2 (tT,x)*a i{(w+z,e) + aw + az + bB}(T,x)dT

satisfies the properties (E) of (Step I) with K replaced by MK2, except

O(0,x) - e0, (2.16) and (2.17). In addition, J 12 (O,x) = 0 holds.

Proof. The assertions concerning J1 2 (t,x), xJ 12(t,x) and a xxJ 12(t,x) can

be verified by the method of proof of Lemma 2.12. But G32 (t,x) behaves

better than G2 2 (t,x) and hence, we can estimate xxJ 12(t,x)l more

directly. Note that (1.81) yields

1+0
(2.129) lxxG32 (t,x)l < Mt-  , for all t > 0, all 0 4 2 • 1

Combining this with (2.51), we can easily derive that

(2.130) axxJ 12 (t,x) e C((0,0); LI)

1
2 2 2

(2.131) laxxJ 12 (t,x)I 4 mK t (1+t) , for all t > 0

It remains to estimate I1alxxJ 12 (tx)IIIa. Using (1.81), (1.82) and (1.133),

we conclude that

(2.132) axG (t,x) e C((0,o); A1')
xx 23 C9
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1 Gxx G23(tx)HII Q < Mt 2(t+t2)
- 1

(2.133)

(Mt , by 0 < a
3

Therefore, we have

111 3 J12 (t'x)III -C( f~ 11 G (t-Tx)IIIa1 {P(w+z,O)+aw+az+bB}(r,x)dTIlxxJ12(t a 0l xxG23 C

(2.134) a
2 rt 3 -1

t (t-T) 3(1+T)-1 dT

-1-a

2 2 24 MK t 2(l+t) 2,for all t > 0

1
(Here we have used again the fact that 0 < I .)

3

Lemma 2.16. J1(t,x) df ft G3(t-T,x)*,( (e+e) + d}x v]( ,x)dT13 0 33 e.(w+z,O) x

satisfies the same properties as were stated in Lemma 2.15.

Proof. Using Lemma 1.11 and the identity

(2.135) atG33(t,x) = c3xxG33 (t,x) + d8 xG 23(t,x) in D*((o,-) x R)

we can proceed similarly to the proof of Lemma 2.9 to arrive at

J 13(t,x) e c([0,-); L ), J 13(0,x) = 0

(2.136)

1J13(t,x) 4 MK 2 for all t ) 0

x j13 (t,x) e C 
(0, ); )

(2.137)-
13 x j13 (t,x}| 4 K2(I+t) 2,for all t > 0
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r xxJ13(tx) e C((0,0)1 L
1

(2.138) 1

2 2 2
ia j 13(t,x)I 4 MK t (1+t) , for all t > 0

Next we will estimate IllaxxJ13(tx)llla. Writing

ft Pel+z,e)

(2.139) aJ 13 (t,x) -f xG3 3 (t-T,x)*a[, (6+8) + d}(v](-,x)dT

2xx13tp 3lxw+zO)3e) + lx]Txd

t

+ f2 a, G 3 (t-T,X)*E{Pe:(w,+e) (8+,) + d}3 V](T,x)dT

and using

G (t,x) e c((o,-A), ^ ")

(2.140) -1-

I 2
ilixG 33(t,x)lll a 4 Mt , for all t > 0

G (t,x) e C((0,-); A 'I)

(2.141) -1- a

113xxG33(t,x)II Mt , for all t > 0

which follows immediately from (1.95) and a modification of Lemma 1.14, it can

be easily deduced that

i J1(t,x) e CI(0,ao); A I '

(2.142) -1-a -

lkIxxJ1 3 (t,x)llla 4 NK t (1+t) , or all t > 0
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__ _ 2}

Lemma 2.17. J (t,x) d f ft G (t-T,x)(w I v) 2(T,x)dT satisfies
14 0 33 a we:,O)

the same properties as were stated in Leua 2.15.

Proof. The assertions concerning J14 (t,x) and x J 14(t,x) can be verified

analogously to the proof of Lemma 2.10. By the same argument as in Lemma

2.16, we can estimate laxxJ 17 (t,x)l and ili xxJ 17(t,x)III . The technical

details are left to the reader.

Next we shall present some lemmas which will be used later on.

Lemma 2.18. If g e LI(R), then for any h e R,

(2.143) fh Ig(x-t)Idt 4 f. g(y+h) - g(y)Idy

holds for all x e R.

Proof. Let gn(x) e C0 (R), n - 1,2,.. , such that gn + Igi in L1. Then,

we have

fg (x-t)dt _ - dt f 3 g (y-t)dy = f dy jh a g (y-t)dt

0n0 -Dy n 0-ys
(2.144)

= (_" {gn(y) - gn(y-h))dy •_ tgn(y+h) - g(y)ldy

It is obvious that

(2.14 ) fh gn(x-t)dt + fh lg(x-t)ldt, for each x 8 R, h e R

and
(2.146) J. Ign ( y + h ) - gn(y)Idy + f.. llg(y+h)l - Ig(y)Ildy, for each h 8

from which it follows that

(2.147) Jh Ig(x-t)Idt < fO llg(y+h)l - lg(y)Itdy < f Ig(y+h) - g(y)tdy

for all x e R, h e R.

Lemma 2.19. Let f3 (x) = f1(x)f2 (x), where fl(x) e L1 n BV and

f2(x) e AI'C. Then f3(x) e A Q and

(2.148) 1IIf (x)III • 1 f (x) I I IIIf (x) I I3 a 2 x 1 2 a

Proof. Set f ,n(X) - f (x) * P (x) and f3,n(x) - fln(X)f2 (x). Then, we

have 
n
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if 3n(x+h) - f 3,n(X)I 4 If n(x+h)(f 2(x+h) - f 2(x)I

(2.149)

+ I{f ,n(x+h) - fl1nlf2 W,

and, using Lemma 2.18,

fo, dxf 2(x)I i Wafx+t)ldt = fof_. if2(x-t) f1  n(x)ldxdt

(2.150)
n Ifn(X)dx f. If2 (y+h) - f 2(y)Idy

for all h e R. Combining these two inequalities, we get

IIIf3•nlXWilla {If 1 ,n xKL + ax f1 ,n X)}IIIf2 X) illa

(2.151)

2 ma f (x) II f2(xllll
2 x 1,n I 2CxII

Since fl1n(W + fl(x) in LI, there is a subsequence (f l,nk such that

f Cx) + f (x) almost everwhere. Moreover,
1,11

If (X) r a 1 (X)E 4 1 max f (X)I, for all n > 1
1,n 17 2 x 1,n 2 x IL

and

1

Ifl(X)l ( -2af()

L

Hence, f3,n(x) + f3(x) weakly in L1, which implies f 3,(x+h) + f 3(x+h)

weakly in LI for each h e R, from which it follows that

IIIf 3 Cx)III 4 lim ItIf 3  (x)III < 2 maxfl(X) I I If2(x)l I1

Now we proceed to analyze the remaining integrals.

Lemma 2.20. J 15 (t,x) d
2 f ft G 3 3 (t-T,X)*(( 1 03 -(Tx)dT

1033e (w+z,8)  C}XXS]Tx

satisfies the same properties as were stated in Lemma 2.15.

Proof. Using Lemma 1.11 and the method of proof of Lemma 2.11, we can easily

estimate NJ15 (t,x)l and 13xJ15 (t,x)l. For xxJ 15 (tx), we should employ

a different method since xxG 33 (t-T,x)I is not integrable over (0,t). For

convenience, let us set
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(2.152) B(t,x) =0{(w1z c}3 -(tx)

ew(w+z,z) xx

Since {ee(wtz, )  e O-) BV) and 3 xx6(t x) e C((0,-); A '

we can apply Lemma 2.19 to B(t,x) to obtain

B(t,x) e C((O,i); 
A')

(2.153) -1-a

IB(tx)ll MK2t 2 (1+t) 2 for all t > 0

Next define

(2.154) r (t,x) = max(t- I)G3(t-T,x)*B(T,x)dT

Then, obviously rC (t,x) + J 15 (t,x) in D*((o,-) x R) as C + 0, which

implies a r (tx) + 3 J (t,x) in D*((o,-) x R). Noticing that, for each
XX C xx 15

C > 0,

Ia r (tl,X) - 7 (to'x)l 4max(tf-C,O)
xx xx max(t 2_ E,O xxG33 (t1-T,x)l IB(r 1 x)IdT

(2.155) max(t -C,0)

+ I3 G 3(t -T,x) - a G (t -T,x)l IB(T,x)IdT

Cxx 33 1 xx 33 2

holds for all 0 < t2 < t 1 , we conclude that

(2.156) a r (t,x) e c(tO,m), L 1

xx£

In the mean time, for 0 < C < t,

3r (t'x) f - f. axG33(t-T'x-y)B(T'y)dyd T

(2.157)

= - G33 (t-T,x-y)(B(T,y) - B(T,x)}dydT

is valid from Lemma 1.11. Now fix any closed interval [T1 ,T2] C (0,m).

Then, using (2.157), we find that
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(2.156) ia r C (t,x) - a xr (t,x)I

-C f 1 dx f.dyix-yi a 13G(t-T'X-Y)I IB(TY)-B(TX)I
t-C 2~ _.d ax3 yx

ft-C Id j ddr'j G tTrlIB(T,)-B(rq+r)I

tE2 x33IrlC

(f t IdT IIIB(T,X)III f~dr Irl'I3 G (t-T,r)It-C 2 -L xx 33

2

by (2.153) and (1.97)

' IC 2 T 2  (2+T 2 {C

holds for all 0 < C < C -T and all t e (T11T2] Hence, a r (t,x)
1 2 2 1 2-xxC

converges in L I uniformly on each compact subset of (0,00) as E + 0,

vhich implies

(2.159) x J 1 (t,x) e C((0,-), L1

and

3J (t,x) - lim fmxtCOj 3x G 33(t-T,X-y){B(T,y) - B(T,X)}dydT
xx 15 xx 3

(2.160)

- ftf.3G (-,-y)(B(T,y) -B(T,X))dydT

for each t > 0. Using this formula and the fact that 0 < a 4 3 eca

estimate 13x J 15(t,x)l in parallel with (2.158):

(2.161) 13 J (t,x)I < fJtdT f Cedx fd 1xIy'1 3  G (t-T,x..y)l IB(T,y)-B(T,x) I
xx 1s 0 _.dy xx 33 ayxjC

-i-at -i-a a

SM 2 ft dT T 2  (1+1) 2  
((t-T) 2+ (t-1
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2i

MK2t (1+t) 2, for all t > 0

Next we shall estimate 1113 1 (tx) I1 for each t > 0, and prove that
xx 15 a

xJ1 5 (tx) e C((0,-); A11"). Fix any t > 0. If 2 Ihj, then

1+a -1a a
(21) xJ(tx+h)-3J 1 5 (tx)I 2 -2 -.--

(2.162) 1 2a i xxj15(t,x) 4 MK 2t 2 (l+t) 2

t 2

Now suppose IhI < /T J xJ(tx) can be written in the form

xJ(t,x) = ft- f. 3 G (t-T,X-y){B(ry) - B(T,x))dydT

3x 15 (tTx) 33
(2.163)

+ xxG33 (t-T,x-y)B(T,y)dydT, for any 0 < n < t

Let us denote the first double integral on the right-hand side by 11(t,x)

and the second one by 12(t,x). Then,

(2.164)

1_13 xxO 15(t,x+h) _ J 15 (t,x)l 2.2 II (tx)l + I---- I (tx+h)-I (tx)I
Ihl ia 1 thla 2t2

2t
By taking n - h2 < 1, we have

2

1 _ 1 (t'x)I I ft dT f" dx f dylx~yja13 G3(t-T,x-y)l IB( T,y)-B( T,x)I
h1 h(1 - ly-xl a

( 2 . 1 6 5 ) C 1 a- -
M2 2ft -- + 2 2

t - f dr{(t-T) 2 + (t-T) }t (I+T)
Ihl -

-1-a a
M K2 t 2  1(+t) 2

By virtue of the identity

(2.166) ftf:l/0 G3(t-T,h+x-y) - 3xG3(t-T,x-y)IB(T,y)dydT
0- xx 33 xx 33

t-n[-'0 hxx33 (t-T,x-y+)d4){B(T,y) - B(T,x))dydT
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which follows from Lemma 1.11, we find that

(2.167) -II1 (t,x+h) - 1I (t,x)I
jhj'

1 t-'dT f"dxa Fd{fIhIlIY01 I aG (t-T +-Y)d01 IB(T,y)-B(T,X) i

IhI a 0 - '-ft 0 xxx 33 1 y-x I C

Substituting q =y, r - x-y and using the inequality

(2.168) Irl 44 2~ a r+;1 3 + 2aRI cI, for all r,C e R

(2.167) becomes

1 -11 2 (t,x+h) - 1 (tIX)I

< 2 jdT f".dr fodqijIa1 G (t-T,r+4)j(Ir+4j' + II)
Ihi a 0 xxx 33

(2.169) W CrLBr~)
IrIl

0 Q _.r xxx33

+ 2!thI ft-'dT IJII(TiX)IIIl fa dr 18 xG 33 (t-T,r)I

-1-a -1-aI -3+0 3

SMK'Ihi'- ft-'dT T 2 (1+T) 2  {(t-'r) 2 + (tT) 2
0

+ MK thi ft-ndT T 2(1+T) 2 t-T)2

Taking nl h 2 < as before and breaking each integral of the last two terms
2

t

into two parts by f t- . fn we can obtain the estimate:

(2.170) 1 1 (t x+h) I I(t)I MK ~ 2 t 2  ( +t) 2, for all 0 < (h
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combining (2.162), (2.165) and (2.170), we conclude that

-1-M

222(2.171) 1113 xxJ 15 (t'x)HIa4 MK t (1+t) , for all t > 0

Finally, we shall prove the continuity in t > 0. Fix any t1, t2  such that
1

0 <t - t 4 . t and 0 < e t < t 4 L. By (2.160), (1.96), we can
1 2 4 1 2 1

t2write, provided 0 < ) • --

(2.172) aJ 1 5(t1 ,x) - a J15(t2,x) = ffM xxG33(Tx-y)(B(t1-T,y) - B(t2-T,y)

- B(tI-T,X) + B(t2 -T,x)}dydT

+ftIft foo 3xG33(T'x-y)B(t -T'y)dydT
t 2

t2 f 3 f G33 (T,x-y){Bt 1 -T,y - Bt2-y,ydrdydT

2

ft2
+ f fl G3 (T,x-y)B(t -T,y) - B(t -T,y)ldydT

ni - xx 3 3 1 2Tyldd

Denote the integrals on the right-hand side by El(tl,t 2 ,x), E2 (t1 ,t2 ,x),

E3 (tlt 2,x) and E4 (t1,t 2 ,x) according to their orders. Analogously to

(2.165), (2.169), it holds that

El (tl,t 2,x+h) - E1 (tilt 2,x)U 4 2 IE1(tit2,x)K

ihl 1 ihcl 1
(2.173)

2 f~d'r f',x f'dy Ix-yI 1a G (Tx-y)l
hl 0 xx 33

JB(t I- Tvy)-B(t 2- T,y)-B(t1- T,X)+B(t 2- T,X)j

Iy-xI
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-1+
46 ffd {' 2 + T -I+a}1IIIB(t _T,x) . B(t2-T,x)III

Ihi a

-- t2

M(1+t } sup II[B(t1-r,x) - B(t2-T,x)[III, provided n h 2  2
t2 .t2 2'
2

1 IE2(tlt2,x+h) E 2(tlt2Px)l

Ihl 2
(2.174) -3+a 3 -1-a -1-a

2 fd I h- 2 2 2 2
Sh T + T (tT ) 2(+tI-T)

3 -1-a -1-csrX jlz h1 z 2 -2- 2
+

+ tdT 2 (t -T) (+t -T)

2 1

I-cs -3+4 3 +a 3

MK2 (t 1 -t 2 ) 2 {IhI (t 2 + t2 ) + IhIt 2 2

For 13 (tlft 2 ,x), we need to use the expression:

E3(tilt2PX) M -f0 f- G xxG33(t2-r'x-y)B(Ty)dydT

(2.175)
t2

+ f2t f.({3G (t-T,x-y) - G(t -T,x-.y)}B(T,y)dydT
- xx 33l1 xx 33 2

t
+ f2 +(t -t 2 )

t2  xx33(t ,x-y)(,y)dyd

2

Denote the integrals on the right-hand side by E5 (tlt 2 ,x), E6 (tl,t 2 ,x)

and E7 (tlt 2 ,x) according to their orders. Then, imitating the development

of (2.169), we have

1_J. 5i(tilt 2 ,x+h) - E5 (tilt 2 ,x)I

IhI*
(2.176)
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-3+G 3 + -I-ct __

0 2 2

3 -1-o sC

0 2

1-aL -34(1 3 + 3

(K (t )- 2 OhlI-L a(t 2 + t2 2 + 'hi 22

I IE 6(tit 2fx+h) E (if2' l

(2.177) 11 6 t 1 2 xI -- s --

2 2 -12 21O
'MK2IhI - f2 dTT (1+T) 2 sup

t t 2  Aec -1- 2

12

sup rl1 x G3 t I3,~,G 3 3(t-A, r G 3(- ~X,cx33( 2-l x

+ ''2Ih 2 4T h 2 2(+T
Xe ttt 2-

sup+1fl G Ctd -xxxG 3 -Xr a xxx G-3X(. rfl~

f:.r~~ll'13xxx G33 (t I-X~ xx G33 (t2- ~

1E7 (tilt 2 tx+h) E 7E(tilt 2fl)

(2.178) t 1K 2  -3'1) 3
+ {(t -t ++(t

th1  2 1

2 -1-a -i--a

xT2 ( T)2
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2 +f(tl-t 3 -1- -1-a

t2 2dT(t T) 2T  2 (1+T) 2
t 

12

-1u -1-a. -1+2 -l1+aX
t2  2- t

MK2(hll- + IhI)t 2  (1+t2) [_(-2 +tt- 2 + -_2 2

1 1 1 2
t 2  - +a t +a t 2 --

2 t2t 2)- 2 2 () 2 _ t(2)
2 2- 2 T 22

Repeating the previous argument, we obtain

1-E |(t 1 ,t 2 , x + h ) - E4 (t 1 ,t 2x)I

Ihl
(2.179) t2  -3+U 3

142 f2 dTIhI 1-a{ 2 + T 2 + sup l --B(t-)-,x) B t- X'X)III

t 2 3Xe[n,T]t2  .3 e T
+ 2 f2  rIl 22 f2 dT IhIr T up II IB(t,-X,x) - B(t -Xx)lI I

-1+oL -l+u Z 2 +1+a 1 t2

M K 2 { IhlI-at 2  + IhI1-a n 2 + IhIl-at 2 2 + IhI1- n +2

2 2

1 1

iht 2 2 + IhIn 2} x sup tI IIB(t l-X,x) - B(t 2-,,x)III

xeo, -]

M 2 + t 2 ) sup IIIB(t -X,x) - B(t -X,x)IIIMK 2 t2 12

Xe(o,.-]
2t

[0 
2

provided n =h 2  -
2

By (2.173), (2.174), (2.176) to (2.179), we conclude that

lim su- P I -lxx J 15 (t1 ,x+h)
It -1t2 1 lo 2<Ihl xIh15

1212(2.180) C4t2 <t 14L

Sxx j 15 (t2
'x+h) - axx 15 (t l x ) + xx 15 (t 2 'x)E 

= 0
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On the other hand

(2.181) lim sup a #a J 5 (t X+h) - a 15 (t2 ,x+h)

it t + h h1 xx1 2

121 2E4t 2<t I4L

-axJ 1 5 (t1 ,x) + axxJ 15 (t2 ,x)I

4 2() li la J (t ox) - a x (t ,x)k = 0
'Ct'-t2 + xxl15 1' xx15 2#It6-t 2t

CQt2<t (L

Since E, L were chosen arbitrarily, (2.180) and (2.181) yield

1 Icaaxx 5 (t,x) e cW(0,0), A ).

Now let us summarize what we have obtained in Theorem 1.13 and Lemmas 2.3

to 2.20.

Proposition 2.21. Suppose w(t,x), z(t,x), v(t,x) and e(t,x) are defined

by (2.26) to (2.29). Then we have:

1(I) w(t,x) e C([0,m)i LI), w(0,x) = u0(x), axw(t,x) e c([o,-); M)
L1

atw(t,x) e C((o,c); L), ata xw(t,x) e c((o,); M)

1-M

(2.182) Iw(tx)I 4 (JI + M K2)(1+t) 2 , for all t ) 0
1 2

(2.183) la w(t,x)l 4 (UM1 + M2K2)(I+t) 2, for all t 0x 1 2 alt

1 M -

(218) atw(t,x)I ( (aMI + M2K2)(1+t) 2, for all t > 0

2 2 2 2(2.185) a t XW(t,x)I 4 (jiMI + M2K )(t + t 2)(+t) , for all t > 0

where U is the bound for the size of initial data (see Theorem 1.13) and

M1I M2 are constants independent of P, K and t.

1 -( , )=0 -(t C(0 10;L(II) z(t,x) e C((0,')L ), zl0,x) =, a Zlt,x) e c0, ), L

a z(t,x) e c((0,a); M)
xx
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2(2.186) Ez(t,x)E PH + M , for all t > 0

2 2 2(2.187) 1a x (t,x) 4 (PH + M2K )t +t) , for all t 0

11

(III) v(t,x) e C([0,-)l Ll), V(0.X) - v (x), a vtx ((,;L)

a v(t,x) e C((O,in), M)
xx

(2.189) Iv(t~x)I < PHM 2 o l

1 1

2 2(2.190) ma xV(t,X) Ic (JaM I+ M 2K )(1+t) ,for all t > 0

1 a
2 2 2(2.191) 1a 3Cv(t,x)I < (jmm + m 2 K )t (1+t) ,for all t > 0

(IV) 6(t,x) e C((O,-); L?) 8(0,x) - 00(x), aeX(t,x) e C((O,-); L

a Bx(t,x) e C((,); Act*

(2*12) 1(t~xl 4 H I+ M2K , for all t > 0

I
2 2(2.193) ma x (tx)E (P (1a + m K )(1+t) ,for all t > 0

1 2z

(2.194) ma 8x (t,x)I 4 (PaM1 + M2K2)t 2(1+t 2, for all t > 0

-1-a a

(215) M xx a~~)11 P 1 + m 2 K) t 2(1+t) 2, for all t> 0

From this proposition and Equations (2.30), we derive

Proposition 2.22. It holds that

(2.196) w v(t,x) + a tz(t~x) -a xv(t,x) in V*((0,-) x R)
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a tv(t,x) e c((,es); m)

(2.197) 1

(2.1t7) e 3(um + M K2)t 2 for all t > 0

(2.198)

2 22

13t0(t,x)l 4 M3(PM! + M2K2)t 2 for all t > 0

(2.199) late(t,x) - dax v(t,x)l 4 M4(PM1 + 12K )t (I+t) , for all t > 0

where M3 is a constant independent of U, M1, M1 K and t.

These two propositions complete our proof that (w(t,x), z(t,x), v(t,x),

8(t,x)) e X, provided that

(2.200) P(1 + M )(I+M1) 4 2 K
3 1 2

(2.201) (1 + M )M K C .
3 2 2

(Step III). We shall prove that T is a contraction. Let (wilziviei) =

T(wilzilviei ), for (wiziviei) e x, i = 1,2. Then, we need.the

following expressions:

(2.202) wI(t,x) - w 2(t,x) = - G 12(t-r,x)*o1 (T,x) - 2(T,x)}dr

2

+2 e-a(t-T)j{p(w +Zil 1 ) + aw1 +az1 + be1

- {P(W2+ 2, 82) + aw2 + az2 + be2 )](Tx)d ,

where i(t,x) - P(wi+zii)x - Pu(Wi+Zi,ei)axZi - Pe(wi+ziSi)axei + axWi,

i - 1,2.
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(2.203) z(t,x) -z(t,x) = G (t-T,X)*
2 t 12

2

CI u(wI+Zle1)+a) 3 x - (p u(w2 + 2 1 %2)+a}3xZ 2

+ (pe(wl+zl,61)+b)3xOi - p,(w 2+z2 102 )+b} ae 2] (T,x)dT

t

- f2 H (t-TX)*[(p(W +z1 181  + aw + az1 + be

-{(nW2+Z e2) + aw 2+ az 2+ be 2I](T,x)dT

- ft G 1 3(tTX)*[{f, 0 +i61 )(0+.1-e) + d1 v1

PO P( 2 +Z 2 102) (;+e ) + d)3 v ](T,x)dT
e e(w 2+z 2" ) 2 x 2

+ ft G1 3(t-T,x)*[ I Cxv 1 (a v 2 (~xd
0 13e 6(w I+Zile)x I e,(v 2+ 2 " e2 (x 2)

+ ft G (t-TX)*[{ 1 -l e) 0 1 (T x)dT
0 13 eXL~ eCv +ZilI - cxxl 1 re 0(w 2+z 2#O) xx 2

(2.204) v(t,x) -v(t,x) = ft G (t-T,X)*t3 {p(w +Zile ) + aw + az + be
1 2 0 22 x I11 1 1 1

- { p(w +z 2 62) + aw 2+ az 2+ be 2)](T,x)dT

-t G~ G (tTX)*P((( +il I) (;+e ) + d}3
0 3 OWftle) 1 x 1

- (;w2 z2 10 8 ) + d13 v ITxd
e w Z2ve2 2 x 2

+ ft G (t-T,X)*{ 1 2 1 (av 2 (Tx)dT

0 23 e 0(w I+ZileI T)xv e 0 (w 2 + 2 pe2 ) x 2)
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+ t G(tTX)*[1 - caxxe { 1 - c} 2 (T,x)dT
023(et( 1 Zl e1+Z1 ,ee) - 2 1 2 # 82  xx2

(2.205)0 (t,x) - 8
2 (t,x) = -f G3 2(t-T,x)*ax{p(w1+z1ile1 + awI + azI + b81 }

- 3x{P(W2+Z2 ,a2 ) + aw2 + az2 + be2 }](T,x)dT

t +p(w1+zle1)

fG3 (t-T, x)*[( 1- ( +e ) +d)a vI
- 33 0( + 1  

0 ) -v

_ PO(w2+z2 2 2)
e6(w2 +z2 ,9 2 1 (9+e2 ) + dJ v2 ](T,x)dT

+ f G(t-,x){ (v) 2  1 V)2(T,x)dT
0 33 e6(W1+z1,08 ) 1 e(w 2+z2 ,

0
2) x 2

+1 1 C},xx02](T,x)d T

G33'e 0 ( w1 +zl, -1 ) - {ee(w 2+z2 ,
6
2) - cla]xd

For convenience, let 0. denote (wizivi,1 ), i = 1,2, and recall that the
3.

metric d(*,*) was defined by (2.18). For technical details of proofs of the

following lemmas, the reader should go back to the proofs in (Step II).

Lemma 2.23. It holds that

1-m

- - 2
(2.206) 1v1 (t,x) - w2 (t,x)l 4MKd(1 1 '02)(1+t) , for all t ) 0

2
(2.207) law 1 (t,x) - axw2 (t,x)I 4 MKd( 1, 2 )(1+t) , for all t ) 0

2
(2.208) 3t w 1 (t,x) - 3tw 2 (t,x)I 4 MKCd(01 142 )(1+t) , for all t > 0

I a m
2 2 2

(2.209) a x w1(t,x) - x W 2 (t,x)l 4 MKd(01,0 )lt +t )(1+t)

for all t > 0
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where N in a constant independent of K, #1 0 2 and t.

Proof. Denote by Jl(tx), J2 (tx) the first and second integral on the

right-hand side of (2.202), respectively. We can prove above inequalities by

the same procedure as in Lemmas 2.3, 2.5, and hence, it suffices to provide

estimates for essential objects which occur in the process of proof. For

;Jl(tex), we need:

(2.210) I{p u(wI+Zl eli) + a)3 xw - {p u(W2 +z2 ,8e ) + a}3 xW2 I

4 Mlx w I{l x w IW2 + axZl -3 xz2 + xa 3x 21}

+ M(l AW1 + laxz21 + axe21}laxwl -aw2

- 1-rn

2( MKd(I # 2)(1+t) , for all t > 0

where wit wi*PC, z t - zi*P5 , e = 1*pC, i - 1,2,

is- Ea

2 q+r+s 2
(2.211) IM qrs(tx)I r (q+r+s+1) N r d(41 ,I2)(1+t) 2 for all t > 0

1 a m

(2.212) x M qrs(t,x)I 4 (q+r+s+l) 3MKq+r+sd(Ol, 2 )(t 2+t 2)(I+t) 2

for all t > 0

where M qrs(t,x) d f t ftG 12(tT,x)*((wI+ 1 ) x 8 s (w +2) xzrs,,T,x)dT. For

2 (t,x), we need: 2

(2.213) I{p(w+Zie ) + awI + azI + beI - (p(w2+Z2 ' 2 ) + aw2 + az2 + be 2I

1
2

4 mKd(*1,92)(1+t) , for all t > 0

(2.214) lax(p(w1+z1 e ) + aw1 +azI + bed a x{(W2+Z2'62 ) + aw 2 +az2 + be2)1

Md(O11 2)(1+t)-, for all t > 0
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Lemma 2.24. It holds that

(2.215) Iz (t,x) - z 2(t,x)l 4 Ml6d(*I, 2), for all t ' 0 ,

(2.216) iaxZ 1 (t,x) - ax z2 (t,x)l 4 MKd(*1 ,42 )(l+t) 2 for all t ) 0

1 a
2 2

(2.217) l3 z (tx) - a xxZ (tx)l • MKCd($l 2 )t (1+t) 2 for all t > 0

Proof. Let us denote the five integrals of (2.203) by J3 (t,x), J4(t,x),

J5 (t,x), J6 (t,x) and J7(t'x) in sequence. To get the above estimates, we

go through the same process as in Lemmas 2.7 to 2.11 with the following

estimates. For J 3(t,x), we need:

{Pu(W1+Zl,81)+a} xl zI+ {p8(w1+zl,01)+b}
3 x61 - {pu(w2+z2,e2 )+a)

3 xz2

(2.218) -1
- {pe(w 2+z2' 82) + b)3xe2 1 4% MKd(O1 ,*2 )(1+t)- , for all t > 0

lax({Pu(w1+ZileI)+a}x zI+ (pe(w1+z1 ,e1 )+b)x3 1- {pu(W2+z 2 ,
8
2 )+a}xz2

(2.219) 1 -1-9

- {Po(w 2+z2 ,O2)+bY8231 4 MKd(*1 02)t 2(I+t) 2 , for all t > 0

For J4(t,x), we use (2.213) and (2.214). For J.(tx), we need:

t
(2.220) if2 G13 (t-T,x)*{(w1+z ) vl - (w2+z2)xv 2}(T,x)dTl 4 MKd(O 1,0 2 )

for all t ; 0, which can be obtained like the proof of (2.59).

t

(2.221) if G 1 3(t-T,x)'{elaV1 - 02 xv2 (T,x)dTE 4

1

r2 G1 3(t-T,x)* 8 1 a 0 )T,x)drE
0 13 d2 1 T 1 2T

+ If2 G13 (t-T,x)*{e(a xv - a 8 e 2(a - I a o )2IT,x)dI
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which follows from

1 a

sup t2 (1+t)2 13 t - dx - a 82 + daxV2 1  d(01,( 2 )

t>0

|*q a(w +z )q 8 r3
v

- a (w 2+z2 )qr r
2qrqr 1 1 1lx 1 (~ qr 2 2 2 x2

(2.222)
3

2 2 '
C MK d(fI,2)(I+t )  , for all t > 0

0111 1

1W1+1, 1 p(w 2+z2 ,
0
2)

m{8(w1+z1 ,
8
1)1+1

) +  }xl-el2+22 ) 1+) + dax1

(2.223)

- MICd(f1,9 2 )(l+t)- , for all t > 0

P011+z(,e )  { pe(w2+z2,e2 )

lax e8 (w1+z1 ,e 1) 1+ d}xVI] - x[ e (w2+z2, 2 )1;+e2
) + d}3xv2]

(2.224)

SWKId( 1 1 2 )t (1+t) , for all t > 0

For J 6(t,x) and J 7(t,x), we need:

(av (a v I JKd(41 101)t (1+t)
e (w1+z1, 1) x1 _ ee(w 2 +z2 ,a2 ) x 2 2

(2.225)
for all t > 0
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Ia { (ax )2} ax 1 2{
x x,(W x Zt eo(w 2+z 2 #e2)(

3xV2 )1

(2.226)

4 MMC(0 1 16 2 )t -(j+t) ,% for all t > 0

(2.227) 1( 1 - c03  e - ( 1 - cla e
ee~ I Zit 1) xx 1 e,(v +Z 2 2) x

e0(v1z11e2 22

4 l4Kd(O 1,o$ )t (1+t) ,for all t > 0

Lemma 2.25. It holds that

(2.228) IV (t,x) - v2 (t,x)E 4 MKd(*11 $) for all t > 0

2,
(2o229) 3a xvI (t,x) - a3 v2(t,x)3 4 NKd(tl9 2 )(1+t) ,for all t > 0

(2.230) 18 x v I(t,x) - a )mv2(t'x)I 4 IKd(fift 2 )t (1+t) ,for all t > 0

Proof. Define

(2,231) Qqr(t,x) 3X G 22(t-TX)*(3 x IZ16 ) a x (w 2 r2 s))(T~)dT

and t2

(2.232) R (t,x) f 2 G (t-TX)*{ (Wq0z - a (Wqrs)TXd
qrs xx 0 2 2  xV11Z x 22 2

Then, we have

(2.233) EQ r (t'x)E 4 (q+r+s) 2 MK+rsd(1142)t 2 (1+t),

for all t > 0, q~r+s > 2, q > I

(2.234) 'Q r(t,X)E (r+s)2(r+s-l)MKr sd(f, *2 )t 2(1+t)

for all t > 0, r+s 2.

1 C9

(2.235) ER qrs (t,x)I 4 (q+r+s) MK 2~v 2 ( +t) 2

for all t > 0, q+r+B > 2

-73-



II
These inequalities combined with (2.213), (2.214), (2.222) to (227) and the

inequalities analogous to (2.220), (2.221) will yield (2.228), (2.229) and

(2.230) by the same procedure as in Lemmas 2.12, 2.14.

Lemma 2.26. It holds that

(2.236) 101 (t,x) - 82 (t,x)l 4 MKd(#1 •, 2) for all t > 0

1

(2.237) Iax 1 (t,x) - ax 2 (tx)l 4 ?Ud(** 2 )(1+t) 2 for all t > 0

1 a

(2.238) 13 =1(t~x )  xx0 2(t,x)I 4 MKd(#11• 2 )t (1+t) for all t > 0

-1-C a

(2.239) iliaxx (t,x) - 3xx 2lt,x)l 4 MKd(1', 2)t (1+t)

for all t > 0

Proof. In addition to the inequalities used in the proof of Lemma 2.25, we

need only the following inequality:

C)301 (tx) - e2(t,x)0I3.
e(w 1 +z 1  }) e ( 2 +z2 0 2xx 2

(2.240) -1- -1-

2 2
4 MKd( 11 2 )t (1+t) , for all t > 0

which is easily seen from Lemma 2.19. Repetition of the arguments in the

proof of Lemas 2.15 to 2.20 gives (2.236) to (2.239).

Lemma 2.27. It holds that

1(2.241) 1( - atz2(t,x)l 4 MKd(Ol,02)(1+t) 2 for all t > 0

mI

- - 2
(2.243) 1 t (t,x) - ;20(t,x)l 4 MKd(01,4 )t 2 for all t > 0
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(2.244) a 1(tx) - d3xv1 (t,x) - 3te2(t,x) + daxv2 (t,x)I

- I -a

2 2
SWO1d(O1, 2)t (I+t) , for all t > 0

Proof. The assertions follow immediately from the above lemmas and the

equations:

(w1 +z -w 2-z 2)t v -V2)x

(v -v2 )t a(w 1+z -W 2-z2 )x +x + v I -vxx

(2.245)
{P(W1+Z1,,1) + aw1 +az1 + bOI - P (w2+Z2 ,a2 ) - aw2 - az2 - be2)x

.. .. .+ (w1+z1,+11

(e-e 2)t = d(vl-V )x + C(e1- 2)xx - { (wI+Z1061)(;+e1) + d}3Xv1

(w2+z2 ,82)12

{Pe + da v + I 7(a vl)2
e0(w2+z2 1 2) 2 x 2 ee(w 1+z1,e1) x

- 1 )2 1 -c ,8 { 1 - CeT e2+z2, 2) + eew+11) xl-{eS~w+z,8)•
9,w2 + 62 T(2 e e(w I 1 1 1) X 1 ea( 2 +Z20 2~ T xxe2

From Lemmas 2.23 to 2.27, we deduce:

Proposition 2.28. T is a contraction if

(2.246) M4K < I

where M4  is the sum of all M which appear in Lemmas 2.23 to 2.27 plus

three times M in (2.209).

Now we are in a position to conclude the proof of our main theorem.

First choose K, such that (2.19), (2.201), (2.246) and

(2.247) 0 < K < min(;,u)

hold. Then T is a contraction from X into itself if P > 0 is so small

that (2.200) holds, and the unique fixed point of T is a solution of (0.11),

(0.7) by setting u - w+z, which is easily seen from (2.30). Our proof is

completed by the following lemma which implies that this solution is also a
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solution to (0.6).

Lemma 2.29. Let (u~v,B) be the solution mentioned above. Then,

(2.248) a e(u,O) e u(U,e)a u + e I.~t

(2.249) a (.1 v2 ) va V - -va p(u,e) + va V
t 2 t x x

(2.250) a3 {vp(u,e)) - (3 v)p(u,O) + v3xp(uB) ,

(2.251) a (va xv) - (a3 V) 2 + va v

(2.252) e u(u,O)atu = 1((+8)pe(u,8) - P(u,O)13xv

hold in V((0,00) X R).

Proof. First of all, we note that e (u,6), e (u,6) e c((0,-)i L )

p(u,O) e W(0,0); L InBEV) and v,O e W0(,0); C0), which follow from the

properties of X and the fact that W C C0. Suppose C is any given

positive number and define

ud(t,x) - f (t-r) u(C,x)*pa(x)dC
C

v 6 (t,x) - I P6(t-r)v('C,x)*p 6 (x)dr ,

66(t,x) = 
1  P6 (t-c) e(i,x)*p 6(x)dT ,

where 0 < 6 4 C. Then, we see that

-u CtIX) e COO 2 ) n C I(Ri L In BV)

V Ct,x)C cR(t) n C(Rjw"' )n C (R; M)

6

and

u6 (t,x) + u~t,x) in L, * 36tX u~t,x) weak *inM,

t ua(t,X) + a tu(t,x) in L v v6Ct,x) + v~t,x) in C 0fn w

t V6Ct,x) + 3 t V~',c)' 3 v 6 tIX) + av(t,x) weak *in M

edCt,x) + O(t,x) in C 0n w a t 0~6CtIX) + a O (t,x) in L

for each t e [2C,m) as 3 + 0. Hence, it holds that

'e~u61
8
6 ) - e~u,e)I + 0
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tt
e u(U61•6 )3tu6 + e,(u 6,8 6)a t 6 + e U(u•6) t u + e,(u•O)a t in LI

v6p(u6 
0
6 ) + vp(u,8), (3XV6)p(u6•%) + (a xv)p(u,8) in L

V63xp(u 6,66) + vaxp(u,•) weak * in M, v63xv6 + va v in L1

V ay) in L v aV6 , + va v weak * in M

for each t e [2C,00), from which (2.248), (2.250), (2.251) and the first part

of (2.249) follow, since E was arbitrarily chosen. Using the fact that

v e C((O,); CO), -3xp(u,O) + a v e c((0,-); M) the second part of (2.249)

follows from the equation:

atv = -3xp(u,B) + 3 v in V*((0,0) x R)

Finally, (2.252) is an immediate consequence of (0.9).

Remark 2.30. It has not been proved that the solution we obtained above is

unique, which is still open. However, the solution has an interesting

feature: if the initial data have jump discontinuities, then the

discontinuities of v, 8 vanish instantaneously while the strength of jump

discontinuity of u vanishes at least as fast as the inverse of a polynomial.
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APPENDIX

[Al] We shall prove that the expression (2.36) is valid. First note that

w e c1((O,-)t L n BV), z e cl((0,); L 1 n BV) t C((O,**); w 1),
1L1 wl1

e C 1((O,-)L ) n C((0,0)w 1, from which we have

(wq+ l) zres - -wq+l(zr s) + (w q+zr6s) e c((O,-); M)
x x x

and

wq+l rs e c1((0,10), L1 1

Next we define

max(t-Ct
N1,6(t'x) - -ft G12 (t-Tx)l*{wq+l(zre8s)x(Tx)dT

2

max(t-6,-)
N2,C(tx) - ft 2 G12 (t

- T x)*(w q t lzr6s)(Tx)dT

2

Then Nl (t,x), N 2,C(t,x) are well-defined and atNll(t,x) + 3 t3 N 2,(t,x)

Mqrs (t,x) in D*((O,) x R). Since 3tG12(t,x) 3 xG22(t,x) in

R), G 12 (t,x) e C 1((0,-); 1L ). At the same time, we see that

L1
G12(t,x) e C([0,4) L ) with G 12 (0,x) - 0, 3x G 12(t,x) =

H5 (t,x) - eat,(x), and H5(tlx) e C((O,-), L) with 1H5 (t,x)l (

1 1

M(t2 + t 6  , for all t > 0. Now we can compute atN1 (t,x) and

a tx N ,(t,x) by integration by parts which is valid from the properties

stated above. Then, letting C + 0, we obtain the result.

[A21 We shall prove that (w,z,v,O) defined by (2.26) to (2.29) satisfies

(2.30) in V*((0,00) x R). (2.30) can be written in the form with different

notations,

-78-



ut vx

(3.1 au x+ be + v xx+ f 1 (t,x)

at - dv x+ c8 +f2 tX

where

(3.2)(

i I (t,x)I 4 M(1+t) , for all t > 0

f 2(t,x) e C((O,in);

If f2 (t,x)I 4 Mt~ (1+t) 2, for all t > 0

Applying the Fourier transform, (3.1) with given initial data yields

(3.4) a~ 't =A

A

A U 0~

(3.5 ) 
Y (0 1) = m

0

where MA) tt') and A&~) Y(t,&) are given by (1.2). From

(3.2), (3.3), it follows that
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(3.2 I 1(t,&) e c((0,-); C(R) n L )

(3 2 *A -1

I1(t,C)l ( 4 M(1+t)- , for all t > 0
L

f2(t,&) e c((o,-)i c0 (R))

(3.3)* 1 _ 1

A 2 2
If 2 (t,) < Mt (1+t) , for all t > 0

L7

A A
Since u0 e v 0 ' 80 8 L n BY, we have 40(F), v(c), 80 (&) e C0 (R). Now for

U0.vo,100 0 0

each & e R, the unique solution to (3.4), (3.5) is given by

(3.6) G(t,) 0 G(t-Gt)*F,,))dT

We recall that G. j(t, ) e c((0,-); C(R) n L ) and )1 (tE)I mM, for
L

A

all t > 0, i,j = 1,2,3. Hence, it is obvious that Y(t,4) given by (3.6)

satisfies

+f- J CO)A(t,)(t)*()dtd ,

for all e 8 CO((0,-)) and * of the Schwartz space in R. Therefore

(t,0 satisfies (3.1) in D*((0,-) x R). But F Y(t,&) is precisely

(w+z,v,e) given by (2.26) to (2.29).
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